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We decompose sphere partition functions and indices of three-dimensional N = 2 gauge 
theories into a sum of products involving a universal set of "holomorphic blocks" . The blocks 
count BPS states and are in one-to-one correspondence with the theory's massive vacua. We 
also propose a new, effective technique for calculating the holomorphic blocks, inspired by a 
^| reduction to supersymmetric quantum mechanics. The blocks turn out to possess a wealth 

of surprising properties, such as a Stokes phenomenon that integrates nicely with actions of 
three-dimensional mirror symmetry. The blocks also have interesting dual interpretations. 
For theories arising from the compactification of the six-dimensional (2, 0) theory on a three- 
manifold M, the blocks belong to a basis of wavefunctions in analytically continued Chern- 
Simons theory on M. For theories engineered on branes in Calabi-Yau geometries, the blocks 
offer a non-perturbative perspective on open topological string partition functions. 
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1 Introduction 

Recent years have seen a resurgence of interest in supersymmetric gauge theories in three di- 
mensions. In large part, new developments have stemmed from the introduction of techniques 
for formulating such theories on curved manifolds such as spheres or products thereof (S 3 and 
S 2 xS 1 ) while preserving some fraction of the original supersymmetry [1—4]. Coupling to more 
general geometries is also possible [5]. Rather than applying the more familiar technique of 
topological twisting in order to realize the original flat-space superalgebra in the curved- 
space theory, the supersymmetry algebras of these theories are deformed to accommodate 
background curvature. The resulting partition functions can be computed via supersym- 
metric localization in terms of finite-dimensional matrix integrals. These three-dimensional 
calculations were inspired by similar techniques developed for computing four-dimensional 
partition functions on S 4 [6]. 

In this work we study N = 2 superconformal field theories in three dimensions and their 
massive deformations. For every U(l) subgroup in the flavor symmetry group of an N = 2 
SCFT it is possible to turn on a real mass deformation, and we look specifically at those 
theories for which such deformations alone are sufficient to render all vacua gapped. We 
also require that the theories preserve a U(1)r R-symmetry. Examples include (the infrared 
limits of) N = 2 SQED, SQCD, and more general gauge theories with perturbative or non- 
perturbative superpotentials preserving U(1)r. The vacua of the mass-deformed theories on 
R 2 x S 1 will play a central role for us; typically there are finitely many such vacua, indexed 
by a. 

We consider these theories coupled to two compact, curved backgrounds: the ellipsoid 
and the twisted product S 2 x q S 1 , where the two-sphere is fibered over S 1 with holonomy logq. 
It has been shown in [1, 2] and [3, 7, 8], respectively, how the corresponding partition functions 
Zb and X can be calculated from UV Lagrangian descriptions of the theories. The ellipsoid 
partition function depends on real masses fi which are complexified by the choice of R-charge 
assignments for fields in the path integral (as well as the real geometric deformation parameter 
b), while I, a supersymmetric index, depends on fugacities £ for U(l) flavor symmetries and 
the quantized flux m on S 2 of background gauge fields coupled to flavor symmetries (as well 
as the angular momentum fugacity q). 

It turns out that neither the ellipsoid partition function nor the index is completely 
fundamental. It was observed in [9] that the ellipsoid partition functions of certain N = 2 
theories in the class described above can be expressed as sums of products, 

Z b (»,b) = ^"(x^B^q) =: \\B a (x;q)\\ 2 s , (1.1) 

a 

where, roughly speaking, each "holomorphic block" B a (x;q) is the partition function on a 
twisted product M 2 XqS 1 , labelled by a choice of vacuum a for the massive theory at the 
asymptotic boundary of spatial M 2 . Schematically, the holomorphic block is a "BPS index", 

B a (x;q) ~ Tr w(M2;Q) (-l)*e^V J+f * e , (1.2) 
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with fugacity q for the angular momentum on M 2 and fugacities x for flavor symmetries. 1 
In (1.1), the complexified masses \x that enter are related to these fugacities according 
to x = exp(2irbfi), x = exp(27r6 -1 ^); while q = exp(27ri& 2 ) and q = exp(2-7ri6 -2 ). A similar 
sum-of-products expansion was predicted for supersymmetric sphere indices in [10], 

Z(m,C;g) = ^5 a (*;g)£ Q (S,g) =: \\B a {x-q)f id , (1.3) 

a 

where the relations to fugacities and fluxes on S 2 are x = c/ T C> % = 1^ C _1 > an d q = q l - 

In simple examples, it can be observed that the fundamental objects B a (x; q) appearing 
in both factorizations are identical. The only difference in the two products is in the operation 
used to relate [x\ q) and (x; q) when pairing up blocks. A principle aim of the present paper 
is to substantiate and elucidate the correspondence (1.1)— (1.3). We conjecture that these 
factorizations, with identical holomorphic blocks, hold for any N = 2 theory of the type 
described above, i.e. any theory with sufficient flavor symmetry to render all its vacua massive. 
Our approach leads us to a new method for computing the holomorphic blocks B a (x;q) for 
any theory admitting a UV Lagrangian description, which makes this conjecture eminently 
testable. We take the first steps towards understanding a variety of surprising and remarkable 
properties of the blocks — properties which are largely obscured by the simplicity of (1.1)— 
(1.3). 

Even superficial consideration of these relations suggests that they will yield physically 
significant insights. The supersymmetric index encodes the (index of the) spectrum of BPS 
operators in a SCFT, whereas the BPS index counts BPS states in a vacuum of the massive 
theory obtained by deforming away from the superconformal fixed point by relevant opera- 
tors. 2 This is reminiscent of a similar correspondence for two-dimensional SCFTs [13], and 
we will see that the connection to this work runs deeper than this basic similarity. Likewise, 
the ellipsoid partition function is known to encode important information about the R-charge 
assignments for the fields of the theory at the conformal point [14], which apparently can 
also be recovered from an understanding of the BPS states in massive vacua of the deformed 
theory. Indeed, the use of supersymmetric localization to perform renormalization- group- 
invariant computations in a weakly coupled ultraviolet theory has been a general theme in 
work on ellipsoid and sphere index partition functions. Here, we are in some sense observ- 
ing the reverse; computations in a "trivial" infrared theory allow us to recover interesting 
information about an interacting UV fixed point. 

As an interesting corollary, our study of blocks for the three-manifold theories Tm of 
[15] produces the first concrete examples of non-perturbative path integrals in analytically 
continued Chern-Simons theory along "exotic" integration cycles. Namely, it follows from 
the work of [16-19] that the corresponding blocks should compute the analytically continued 

1 Here (— 1) R means exp(i7ri?), where R is generator of U(1)r. It is more familiar for indices to be written 
with (— 1) F rather than ( — l) R , but both define a protected index and the two conventions are formally related 
by — > — . We will see that the latter is more appropriate for our purposes. 

2 Along this line, some interesting extensions of the ideas presented in this paper were explored recently in 
[11, 12]. 
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SU(2) Chern-Simons path integral denned on integration cycles labeled by irreducible flat 
SL(2,C) connections A a on M. 3 This is a non-perturbative completion of perturbative 
partition functions in the background of a flat connection A a [20], which plays a significant 
role in the physical interpretation of the Volume Conjecture [21, 22]. Our results can then be 
compared to other non-perturbative objects such as colored Jones polynomials. 

We now spotlight some of the more interesting features of the holomorphic blocks that 
are studied in this paper. 

A stretch 

In light of the relations (1.1)— (1.3), it is suggestive that both of the spaces and S 2 x q S 1 
admit Heegaard decompositions as the union of solid tori. In the case of S 3 , the boundaries of 
the solid tori are identified using the S element of the mapping class group <SX(2,Z), together 
with a reversal of orientation. In the case of S 2 XgS 1 it suffices to use the identity element 
id together with the same orientation reversal. This accounts for our choice of notation in 
the norms-squared. Indeed, we even see that the relation between q and q in the two cases 
corresponds to treating q = e 2mT as the modular parameter of the boundary of one solid 
torus, and sending 

t — y t = —S ■ t = — or r — > t = —id ■ r = —t . (1-4) 
r 

This is a little naive, because supersymmetric partition functions on finite-size solid tori do 
not obviously correspond to the blocks B a (x,q). Nor do solid tori cut from the S* 3 and 
S 2 x q S 1 geometries have the same metric, and these constructions are not topological; so the 

3 The extension to higher rank is also possible, but in this paper we assume that Tm comes from wrapping 
two M5 branes on a hyperbolic knot complement M. 
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solid-torus partition functions coming from the two splittings should not necessarily agree. 
Nevertheless, the picture is promising. 

There is a deformation of the Heegaard splitting that precisely reproduces the factorized 
forms of (1.1)— (1.3), with the correct relations between parameters (x,q) and (x,q). It is 
a three-dimensional analogue of the topological/anti-topological fusion setup of Cecotti and 
Vafa [13], and is also related to recent constructions of Nekrasov and Witten [23] (see also 
[10, 24]). To describe it, we represent both S% and S 2 XqS 1 as T 2 fibrations over an interval 
with cycles of T 2 degenerating smoothly at the ends of the interval, and stretch the interval 
to infinite length (Figure 1). Topologically, each half takes the form D 2 XgS 1 , where D 2 
is a semi- infinite cigar. The halves are glued together using the appropriate element of the 
modular group. On each half, we impose a metric that preserves £7(1) rotations of D 2 as 
an isometry and fibers D 2 over the remaining circle with a U(l) holonomy q. The theory 
can then be topologically twisted on each half. The resulting geometry, sometimes called a 
"Melvin cigar" (c/. [25]), will be denoted here by D 2 x q S 1 . 

We define holomorphic blocks to be the partition 
function(s) of a theory on D 2 XqS 1 . On one hand, the 
topological twist allows us to deform the geometry to 
M 2 x g S' 1 without changing the partition function, which 
recovers a BPS index (1.2) that depends on a vacuum a. 
On the other hand, we can interpret the partition func- 
tion on Z) 2 x^S 1 as a wavefunction (0 q \ in the Hilbert space 
U{T 2 ) defined in the flat asymptotic region T 2 x R. The Figure 2 A holomorphic block 
infinite Euclidean time evolution in this region projects 

the wavefunction to the space of exact supersymmetric ground states \a) on T 2 , which are in 
one-to-one correspondence with the vacua a. It follows that the blocks 

B a (x;q) := (0 q \a) (1.5) 

are elements of a discrete and typically finite-dimensional vector space. 

Upon fusing two such semi-infinite geometries with an element g = S or g = id (say) of 
the modular group, the partition function takes the form 

Z = <0,|0,-> = ^(0 ? |a)(«|0 9 -) ~ J2B a (x;q)B a (x;q). (1.6) 

a a 

The precise identification of parameters on the two halves, as well as the relation between 
topological twists, depends on g. We will find after a more careful analysis of background 
field configurations that fusion with the identity precisely reproduces the index identifications 
(1.3), while S-fusion reproduces the S% identifications (1.1). We will argue that wavefunctions 
{0 q \a) and {a\0q) on the two sides can be written, in an appropriate sense, in terms of the 
same holomorphic objects B a (x;q). 

We have arrived at a stronger, geometric version of the factorization conjecture. The 
ability to deform S% or S 2 x q S 1 into a union of two copies of the D 2 XqS 1 geometry while 
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leaving the partition functions invariant would imply factorization. The stronger conjecture 
is that such "Q-exact" deformations do indeed exist. It is plausible that Q-exactness could 
be established using methods of supersymmetric localization. Several Q-exact deformations 
of three-spheres have already been found [2, 26], and they come close to reproducing the 
stretched D 2 x q S 1 geometries (but no cigar). In two dimensions, an analogous deformation 
leading to a topological/anti-topological fusion geometry was recently studied in [27]. 

In two and four dimensions, it is a direct consequence of localization that S 2 partition 
functions of theories with J\f = (2, 2) supersymmetry [28, 29] and S partition functions of 
theories with N = 2 supersymmetry [6] factorize as a sum (integral) of vortex (instanton) 
partition functions, respectively: 



Z[S 2 ] ~ Yl I Cortex [M 2 ] 




Factorization of the three-dimensional index into holomorphic blocks (1.3) leads directly to 
the two-dimensional factorization (1.7) of a dimensionally reduced theory in an appropriate 
limit. As for the analogue in four dimensions, it was observed in [30] that five-dimensional 
indices on S 4 x S 1 factorize in a way that naturally extends the known S 4 factorization. 

Block integrals 

Our main computational tool is a new integral formula for the blocks, applicable whenever 
a theory has a UV Lagrangian description as an N = 2 gauge theory. Just like ellipsoid 
partition functions or indices, blocks are insensitive to renormalization group flow. The 
formula is motivated by the reduction of the geometry D 2 x q S 1 to supersymmetric quantum 
mechanics on a half-line. 

We begin with the observation that the theory T A of a free chiral multiplet possesses a 
single block given by 

oo _ n 

"^-S p-rt'-d-rt ' (L8) 

where z is the complexified and exponentiated real mass of the chiral. We determine general 
block integrals to take the schematic form 

f ds 

B a (x;q) ~ / -[6(z;q)...]B A (z 1 ;q)---B A (z N ;q). (1.9) 

The integral is over a middle-dimensional cycle T a C (C*) r , where r is the rank of the gauge 
group. The variables s E (C*) r are complexified scalars in the gauge multiplets, and each 
chiral multiplet contributes a factor B A {zi]q) to the integrand, where the effective mass 
Zi = Zi(s,x) may depend on scalars s and non-dynamical real masses x. The W-bosons in 
nonabelian gauge multiplets also contribute factors B A (s;q) to the denominator. The extra 
theta-functions 8(z; q) encode contributions of Chern-Simons and Fayet-Iliopoulos (FI) terms. 

This integral mimics the matrix-integral formulas for partition functions Zf, and I that 
were derived using localization [1-3] , yet there is a crucial difference. The universal integrand 
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of (1.9) gives rise not just to a single partition function, but to many blocks B a (x;q). The 
various blocks arise for different choices of integration contour, r a . Each contour is associated 
to a critical point of the integrand, which in turn is related to a supersymmetric ground state 
on T 2 — just as one would expect from quantum mechanics [17, 31, 32]. Some technical 
subtleties arising from the nontrivial singularity structure of the functions B/\(z; q) must be 
dealt with to make this statement more precise and useful. 

The integrand of (1.9) — henceforth denoted T(x,s;q) — turns out to be a factorized 
form of the matrix integrands for ellipsoid partition functions and indices. In fact, this is 
another way to characterize it. In particular, it will turn out that 

f ii 2 f ds it 2 

Z b = d(logs) T(x,s;g) X = / — — \\T(x,s;q) ,. (1.10) 

J R r 115 J( S iy 2ms " ld 

Combined with the factorization conjecture, this has the rather beautiful consequence that 



ds 



T(x,s;q) 



2 



B(x;q)\\ 2 = I ^\\T(x,s;q)\\l, (1.11) 



9 Jx\g] * 



for g = S or g = id, with X[id] = W and X[S] = (S 1 ) 7 ", and with appropriately normalized 
integration measures. This appears to be a sort of Riemann bilinear relation for the ellipsoid 
and index partition functions. Physically, this amounts to the statement that fusion of blocks 
commutes with gauging of symmetries. Fusion also commutes rather trivially with other 
operations one can perform on SCFTs, such as adding background Chern-Simons levels or 
superpotentials, which can be combined with the gauging of global symmetries to generate 
interesting symplectic actions [10, 15, 33]. 

Closely related to blocks and block integrals are a set of (/-difference equations satisfied 
by the blocks of a given theory, 



fi(x,p;q) -B a (x;q) = 0, (px = qxp) . (1.12) 

These equations arise as Ward-Takahashi identities for line operators that act at the tip of 
D 2 x q S 1 1 as discussed in [10, 15, 24]. The Ward identities can be systematically derived for 
theories with UV Lagrangian descriptions. The space of blocks can then be described as the 
vector space of solutions to (1.12) that satisfy certain analytic requirements — for example 
that they be meromorphic functions of q? and x, with no branch cuts. The block integral for 
a theory can be constructed to generate these solutions, much as formal integrals are often 
used to generate solutions to differential equations (c/. [34]) and path integrals manifestly 
generate solutions to QFT Ward identities. The convergent cycles T a are chosen so that the 
integral solves (1.12), and a basis of cycles produces a basis of solutions. 

When combining conjugate blocks to form the ellipsoid and index partition functions, 
the number of Ward identities effectively doubles, 

fi(x,p;q) ■ Z = fi(x,p;q) ■ Z = 0. (1.13) 
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This is due to of the presence supersymmetric line operators acting at both ends of a stretched 
geometry (c/. [23]). The requirement that the two sets of operators (x,p) and (x,p) commute 
with each other puts an interesting constraint on the classical relation between (x, q) and 
(x, q) in a glued geometry, which is indeed satisfied for and S 2 x q S 1 . Conversely, the 
observed fact that these partition functions satisfy (1-13) for commuting sets of operators 
strongly suggests that they must factorize as in (1.1)— (1.3). This was the primary motivation 
behind the prediction of factorization for the index in [10]. 

Connections to other topics 

Holomorphic blocks and their fused counterparts have many relations to other constructions 
in quantum field theory and string theory. We highlight three of them here. 

First, as was already pointed out, there is a striking similarity between the gluing of 
blocks and topological/anti-topological (tt*) fusion [13]. Indeed, the gluing of blocks might 
be considered a three-dimensional lift of the tt* setup. The latter construction considers 
massive N = (2, 2) theories in two dimensions on a topological two-sphere that has been 
stretched out into a pair of cigars, S 2 ~ D 2 U D 2 , with (anti-)chiral operators inserted at 
the north (south) poles. The resulting partition functions obey a set of differential equations 
- which determine the partition functions almost completely — and exhibit properties of 
special geometry [35]. The difference equations (1.12) may be thought of as three-dimensional 
lifts of (part of) the tt* differential equations. The full three-dimensional story is in some 
sense richer than in two dimensions, in part because the block geometry can be glued in a 
variety of topologically distinct ways. We only scratch the surface of the relation between 
our analysis and the tt* equations, and there are some notable differences, e.g., the analogous 
blocks in two dimensions are not generally holomorphic. We expect further investigation of 
these connections to be fruitful. 

Another deep connection — one which we do not explore extensively in this work - 
is to topological string theory. This was pointed out in the original work of [9]. Indeed, 
for a choice of three-dimensional theory that can be engineered in M-theory by wrapping 
M5 branes on a Lagrangian submanifold of a non-compact Calabi-Yau three-fold, the open 
A-model partition function in that background is known to compute the BPS index of the 
theory [36-39]. Consequently, for theories that arise in such a fashion, we expect 

B a (x;q) ~ Z^ cn (Y;C). (1.14) 

The choice of ground state, or vacuum, is usually called a choice of "phase" for the brane 
in the topological string literature. In cases where can be computed, such as for toric 

branes in local, toric Calabi-Yau threefolds, the relationship can be verified modulo prefac- 
tors related to background Chern-Simons couplings (i.e. Chern-Simons couplings for flavor 
symmetries), which are crucial in correctly computing Zb, I, and B 01 . 4 Indeed, many of the 
features of blocks that we encounter here have made an appearance previously in the con- 
text of topological string partition functions. For instance, the contour integrals we prescribe 

4 For a recent analysis of background Chern-Simons couplings in curved superspace, see [40, 41]. 
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for computing holomorphic blocks can be interpreted as non-perturbative completions of the 
contour integrals that appeared as generalized Fourier transforms of brane wave functions in 
[42] (see also [43, 44]). Furthermore, the line-operator Ward identities that annihilate holo- 
morphic blocks generalize the "quantum Riemann surface" which appears in the topological 
i3-model on certain geometries [45]. Additionally, a kind of factorization in terms of these 
open topological string amplitudes has appeared in the context of the open OSV conjecture 
[46, 47]. 

In approaching the problem of blocks from the point of view of gauge theory, we are 
led to a slightly different perspective on these objects than was natural in the topological 
string setup. In particular, it is important for the blocks in this paper to be described as 
holomorphic functions of their parameters in order to make the connection with ellipsoid 
and index partition functions. Furthermore, the requirement of invariance under large gauge 
transformations leads to certain differences in the treatment of Chern-Simons terms, including 
background couplings. It would be extremely interesting to more thoroughly investigate 
whether these modifications can find a natural interpretation in topological string theory. 

Finally, when the theory in question is a three- manifold theory Tm [15, 19], the blocks cor- 
respond to certain non-perturbative path integrals Zqo(M) in analytically continued Chern- 
Simons theory on M. In particular, when the theory arises on a stack of K M5 branes, we 
expect analytically continued SU(K) Chern-Simons theory. The relation is easiest to under- 
stand using the six- dimensional constructions of [18], which identify independent integration 
cycles in analytically continued Chern-Simons theory, labelled by a flat SL(K, C) connection 
A a on M, with BPS indices of the form (1.2). The Chern-Simons coupling k (complexified 
and renormalized) is encoded in the twist parameter q = exp (^p) , while boundary conditions 
for flat connections on the manifold M become flavor fugacities. For example, if M is a knot 
complement, the eigenvalues of the monodromy of a connection A a at the excised knot are 
complexified masses. 

We can test the correspondence ~ Zq S (M) perturbatively by verifying that the 

"classical" asymptotics 



a , , q->l 
B T M \ X A) ~ ex P 



1 

V(M;x;a) + 



logq 



(1.15) 



correctly reproduce the complex volume of a corresponding flat SL(K,C) connection A a 
on M. In fact, just as in [10, 15, 19, 24], we can argue that this must be the case up to a 
normalization factor because the Ward identities (1.12) for Tm are equivalent to the "quantum 
A-polynomial" equations in Chern-Simons theory [20, 48, 49]. Both sets of equations almost 
completely fix the asymptotic expansion (1.15) [50]. 

Non-perturbatively, we should compare blocks of a knot-complement theory with colored 
HOMFLY polynomials J of the knot itself, which are expected to take the form [16] 

3 ~ ^ n ° Z cs , (1-16) 



- 9 - 



for appropriate coefficients n a . Unfortunately, we face an important caveat: the theories 
defined in [15] for K = 2 only probe irreducible SL{2, C) connections on M . This is a 
consistent truncation in analytically continued Chern-Simons theory, but it means that the 
blocks computed in gauge theory will never correspond to all terms in the sum (1.16), as they 
miss reducible flat connections. To circumvent this problem, we take a special limit of knot 
polynomials, first observed to exist in [51, 52] and later termed "stabilization" [53, 54], which 
seems to project out reducible connections. After taking this limit we find a match in all 
examples studied. 

We should remark that the purpose of relating Chern-Simons path integrals to BPS 
indices in [18] — and also in the earlier and very similar approach of [55] — was to provide a 
physical categorification of knot and three-manifold invariants. Categorification amounts (in 
part) to replacing an index such as (1.2) with a full Hilbert space of states 7i(M. 2 ; a) upon which 
a conserved supercharge acts. In the context of holomorphic blocks, such categorification is 
likely to lead to new knot homologies — associated not just to a knot, but to a choice of 
flat connection in its complement. This is a very interesting subject for future study, and we 
hope that it will eventually connect to recent work of [56-58]. 

A jump 

The last major aspect of our work concerns the behavior of D 2 XgS 1 partition functions 
globally in parameter space. Typically, we will fix q and vary the masses x, whereupon we 
find that holomorphic blocks are subject to Stokes phenomena. That is, the blocks B a (x;q) 
associated to vacua a in one chamber of parameter space may be related to blocks in a 
different chamber by a linear transformation, 

B a — > ^2 M a pB 13 , M a p € GL(N, Z) . (1.17) 

P 

Such behavior is not too surprising. In the description of blocks (1.5) as coming from long 
cigars, the map between vacua a and supersymmetric ground states \a) can change as parame- 
ters are varied. While ground states generically do not mix in a theory with four supercharges, 
on special loci in parameter space instanton configurations may connect two ground states 
and lead to a jump such as (1.17). Alternatively, this can be described in terms of brane 
nucleation [32]. A similar Stokes phenomenon plays a central role in analytically continued 
Chern-Simons theory [16]. When blocks arise from a finite-dimensional block integral such as 
(1.9), jumps can be analyzed explicitly using Lefschetz theory for cycles associated to critical 
points. 

The fact that blocks transform as (1.17) when passing from one chamber to another 
raises an interesting puzzle. The curved-space partition functions of a theory such as Zf, 
and I should not depend on any choice of chamber; yet expressions (1.1)— (1.3) do not look 
invariant under B a — > (MB) . The resolution of the puzzle involves two observations. 

First, we find that blocks B a (x;q) can be expressed as g-hypergeometric series that 
converge both for \q\ < 1 and \q\ > 1, but to two different functions in the two regimes. For 
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example, the free chiral block (1.8) takes two different forms 



_ ; .n^ia-^- 1 ) m<i 

BA{z;q)={ (1.18) 

n^oa-r^- 1 )- 1 M>1, 

with no analytic continuation across the unit circle. Physically, this arises from a subtlety 
in our definition of blocks: we use a topologically twisted geometry for \q\ > 1 and an 
anti-topologically twisted geometry for \q\ < 1. The effect is roughly that bosonic modes 
contribute in one regime and fermionic modes in the other, switching products from numerator 
to denominator in expressions such as (1.18). 

In addition, due to the reflection used in any fusion of D 2 x q S 1 geometries, the twist 
parameters for the two sides always live on opposite sides of the unit circle. That is, \q\ > 1 
whenever \q\ < 1, and vice versa. This is just as we want it for 3d topological/anti-topological 
fusion. It turns out for the cases that we study that blocks on the two sides of the unit circle 
have complementary transformations at Stokes walls, e.g. 

B(x;q) -> MB{x;q) , B(x;q) -> M~ 1T B{x;q) , (1.19) 

so that products ||S(a;;g)||^ remain invariant. Nevertheless, in every chamber, the blocks 
at \q\ < 1 and \q\ > 1 agree, in the sense of sharing convergent q-hypergeometric series 
expansions. 

We conjecture that this is the case in general. While the presence of conjugate Stokes 
matrices can be argued directly from the form of block integrals, the statement about sharing 
series expansions in every chamber is highly nontrivial, and implies very special mathematical 
properties for the blocks themselves. We will check such behavior in detail for the simplest 
nontrivial example, the three-dimensional analogue of the CP 1 sigma-model, and discover 
identities for q-Bessel functions that govern the transformations of its blocks. 

It is interesting to note that, unlike the index, the physical ellipsoid partition function Zj, 
should be defined for b 2 on the positive real axis, implying that q = e 2mb2 and q = e 2m ^ b2 are 
on the unit circle itself. Ellipsoid partition functions appear to have the remarkable property 
that they can be analytically continued to the cut plane b 2 £ C\M<o, and on both the upper 
and lower half-planes agree with the same product of blocks ||.B(x; g)|||. Conversely, we find 
in examples that products B a (x;q)B a (x;q) for any fixed a, with (x,q) and (x,q) identified 
by the S transformation, can be analytically continued in b 2 across the positive real axis, 
defining a single function on C\M<o. This surprising property has already been observed for 
the free-chiral block (1.18), in which case the S- fusion product is a non-compact quantum 
dilogarithm [59, 60], cf. [50, Sec. 3.3]. 



The organization of this paper is as follows. In Section 2, we provide a more careful def- 
inition of holomorphic blocks and revisit the geometry of fused D 2 XgS 1 partition functions, 
aiming to understand the parameters in the products (1.1)— (1.3) . In Section 3, we compactify 
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D 2 x q S 1 to a half-line, and describe aspects of the resulting supersymmetric quantum me- 
chanics. In Section 4, we combine results from quantum mechanics with an understanding 
of Ward identities to define block integrals (1.9), and demonstrate how to these integrals 
can be evaluated in simple examples. This is followed in Section 5 by an in-depth study of 
blocks, Stokes phenomena, and mirror symmetry in the three-dimensional CP 1 sigma model. 
In Section 6, we review the connection to analytically continued Chern-Simons gauge theory 
in the case of a three-manifold theory Tm- 



2 A first look at holomorphic blocks 

The theories under consideration are three-dimensional superconformal field theories with 
N = 2 supersymmetry and a conserved U(1)r R-symmetry. However, we will typically work 
with ultraviolet N = 2 gauge theories that have Lagrangian descriptions and flow to the 
desired SCFTs in the infrared. The observables we are interested in will be invariant under 
the flow. Let us therefore review the ingredients that enter into the Lagrangian of such a 
gauge theory. (For a more complete discussion, see [61].) 

We consider theories whose Lagrangians are written in terms of a set of r gauge multiplets 
{V^}, and chiral matter multiplets which are the dimensional reductions of the usual 

J\f = 1 vector and chiral multiplets in four dimensions. We assume for the moment that 
gauge symmetry is abelian. In three dimensions, the vector multiplet can be reorganized into 
a linear multiplet S a = e a P D a DpV a , in terms of which the canonical kinetic Lagrangian takes 
the following simple form, 

Adne t ic= fd A ei £^ + ^$}exp(^Q?y a )<I> 7 J . (2.1) 

^ \a=l / a / 

In addition, one may include as an F-term a holomorphic, gauge-invariant superpotential 

£ F -term= / #0 W{$) + h. C. (2.2) 



We assume that the superpotential preserves an R-symmetry U(1)r. 

The terms introduced so far will preserve some global symmetries. These include sym- 
metries that act manifestly upon the fields in the Lagrangian, as well as "topological" U(l) 
symmetries that act as shifts of the dual photons for any abelian gauge multiplets. Consider 
a maximal abelian subgroup YiiLi ^(1)* °f the full flavor symmetry group. We can then in- 
troduce N non-dynamical background fields that couple to the conserved U(l)i currents, 
which can be further promoted to background vector superfields Vi, with corresponding linear 
multiplets Sj. Setting the real scalar components of Sj to non-zero values m? d turns on real 
mass deformations of the theory. Such a deformation for an ordinary flavor symmetry appears 
in the kinetic terms of the Lagrangian as 

Akinetic = J d 4 9 (V e- 3 ^) , (2.3) 



- 12 - 



which, in terms of component fields, leads to mass terms (m 3d ) 2 | < i ) | 2 + im? d e a P'ij) a 'tpp • When 
real mass terms are turned on for topological U(l) symmetries, they appear as Fayet-Iliopoulos 
(FI) terms for the corresponding dynamical gauge field. In this paper, we collectively denote 
all real mass parameters as m 3d , whether they correspond to masses for chirals or to FI terms. 
In the infrared, they are all on the same footing. We can similarly introduce a non-dynamical 
background gauge field Ar for the R-symmetry, with a corresponding vector multiplet Vr 
and linear multiplet it plays a special role in supersymmetric compactifications on curved 
spaces. 

In three-dimensions one can also include gauge-invariant Chern-Simons interactions. The 
most general abelian interaction takes the form 

£cs = J d A 9 (\k ab ^ a V h + k ia %Vi + \hj%V?) ■ (2.4) 

The first term is a Chern-Simons interaction for the dynamical abelian gauge fields, while 
the middle term encodes Fayet-Iliopoulos terms for the dynamical gauge fields, and the last 
term describes purely background Chern-Simons terms (which are related to the choice of 
contact terms for conserved current multiplets - see [40, 41]). Gauge invariance will sometimes 
require the inclusion of fractional Chern-Simons terms, the so-called "parity anomaly" of 
three-dimensional gauge theories. This is due to the fact that integrating out charged fermions 
can shift the effective Chern-Simons matrix according to 

(kij)eS = hj + \ (?/Mtf/)i sign(m/) . (2.5) 

fermions 

The resulting Chern-Simons levels must be integers. It will be important to keep close track 
of all types of Chern-Simons interactions in order to correctly compute holomorphic blocks 
for a gauge theory. 

Finally, we require theories to have enough flavor symmetry so that real mass defor- 
mations completely lift all flat directions in the moduli space (e.g. all Higgs and Coulomb 
branches), rendering the theories massive. More importantly, we demand that after reduction 
to two dimensions on a circle, the theories at generic values of mass parameters have only 
discrete, massive vacua. This will be made explicit in Section 3.2. 

2.1 Cigar compactification 

The observable of interest for these gauge theories is the partition function on D 2 XgS 1 . 
Topologically, this geometry is a solid torus with local coordinates (r,tp,6), where r G [0, oo) 
and ip, 6 are both periodic with period 2tt. The metric is given by 

ds 2 = dr 2 + f(r) 2 (dip + s(3d6) 2 + p 2 dd 2 , (2.6) 

where f(r) ~ r near r = and f(r) — > p as r — > oo (for example, one may take f(r) = 
ptanh(r/p)). The cigar parameterized by (r, (p) has asymptotic radius p and is fibered over 
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the ^-circle so that the cigar rotates by an angle 27r/3e, or alternatively, so that the holomorphic 
variable z = re lip is identified around the 9 circle according to (.2,0) ~ (q~ 1 z,2-7r), where 

q = e 27ri£is = e n . (2.7) 

This metric admits no covariantly constant spinors, so in order to preserve supersymmetry 
we twist the theory. For a generic curved three-manifold, one would need at least N = 
4 supersymmetry in three dimensions to define conserved, twisted supercharges. However 
because the curvature of (2.6) is valued in U(1)e (rotations of the tangent space to the cigar 
fiber), a twisted superalgebra exists for a theory with only N = 2 supersymmetry in three 
dimensions as long as the theory possesses a U{1) R-symmetry. There are two choices for 
how to twist the theory, one "topological" and one "anti-topological" . These different choices 
preserve twisted scalar supercharges (Q-,Q + ) or (Q + ,Q_), respectively, where ± denotes 
the charge of the operator under U(1)e (see Appendix A for our conventions). From the 
perspective of the cigar, this is an A-type twist, cf. [13, 62]. 

In order to implement these partial twists, we introduce a non-trivial profile for some 
of the non-dynamical background vector fields described above. In particular, for the back- 
ground field coupling to the R-symmetry of the theory we impose 

Aj = ^±i W „, (2.8) 

where on the right hand side, represents the t7(l)-valued spin connection for the metric 
(2.6) (its nonvanishing components describe rotations in the tangent bundle to the cigar D 2 ), 
and Aq is a flat connection with holonomy exp(i <f Ar) = e m around the non-contractible 
cycle Sp. The plus sign in (2.8) corresponds to the topological twist, and the minus sign 
to anti-topological. Note that theories constructed in the UV have no canonical choice of 
.R-symmetry in the presence of conserved abelian flavor symmetries. We will usually take the 
R-symmetry to be such that all fields have integer charges. 5 

Along with the R-symmetry, we are free to couple any conserved flavor current to a line 
bundle with connection of the form 



^flavor = Aq + KUJ , (2.9) 

where Aq is flat {<1Aq = 0) and k is any real number. The flat connection Aq is characterized 
by its holonomy around the non-contractible cycle Sg, which we define to be e 2me , while its 
holonomy about the contractible cycle is always trivial: 



1 

2^ 



A =:9, 6 Aq = 0. (2.10) 



5 This is natural, for example, when the theory in question is viewed as a boundary condition for a four- 
dimensional M = 2 theory, in which case U(l)jf 3 is embedded into SU(2) d £ i , cf. [10]. This perspective will 
play a role in our understanding of Ward identities for holomorphic blocks. 
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Figure 3. Holonomies i § A for any connection of the form A = Aq + kuj around various cycles in the 



D 2 x q S 1 geometry. 



It will be useful to record some of the holonomies of the spin connection in this geometry. 
Since D 2 x q S 1 is not flat, it matters where the holonomies are measured, the most relevant 
points being at the tip (r = 0) and in the flat, asymptotic region (r — > oo). We find 

— / w = -0e, I w = 0, ~/u; = l. (2.11) 

where S\ always refers to the cigar circle in the asymptotic region. Therefore, the holonomies 
of any connection of the form (2.9), which mixes a flat connection Aq with a multiple of u, 
will take the values shown in Figure 3. In particular, in the case of the connection Ar, Figure 
3 applies with = « = ±l/2. As long as all fields in our theory have integral flavor and 
R-charge assignments, all holonomies i § ^4fl av or and i § Ar are invariantly defined modulo 
2vri. 

Because the geometry is non-compact, the above choices of parameters must be supple- 
mented by a choice of asymptotic boundary conditions at r — > oo. We can describe this 
choice of boundary conditions in two superficially different but equivalent ways. At fixed p, 
the geometry is macroscopically one-dimensional; the whole construction appears as a half- 
line. Consequently, an appropriate asymptotic boundary condition is to fix the fields to sit 
in a vacuum of the effective one-dimensional quantum mechanics that results from reduction 
on an appropriate two-torus. Alternatively, because of the partial twist, the cigar partition 
function is invariant under changes of the asymptotic radius p. Thus, we can take the limit 
p — y oo, in which case the geometry becomes approximately M 2 x (? 5 1 , and an appropriate 
boundary condition is given by a choice of vacuum of the resulting two-dimensional theory. 
These two descriptions of the boundary conditions are in fact equivalent [23]. 

At large p, it is natural to describe the resulting partition function as a BPS index, 
which counts states on the cigar (or, roughly, on M 2 , which is the large p limit of the cigar 
geometry) that are annihilated by the two supercharges preserved in the compactification. 
We see from holonomies of the various background fields at the origin of the cigar that the 
partition function on D 2 XgS 1 can schematically be written as 

Tr niD . a) (-l) R e- 2Kpa q- J ^explie<f A &avoT ) , (2.12) 
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where J is the generator of U(1)e, R is the generator of the U(l) R-symmetry, and e = 
(ei,...,ejv) are the generators (charges) of the abelian flavor symmetries with connections 
^flavor = (A\, •••) An). We have indicated the dependence on the vacuum in which the index is 
evaluated with the label a. The choice of sign in q^ R l 2 matches that in (2.8), and corresponds 
to topological versus anti-topological twisting. 

A more familiar expression for this trace would involve (— l)^ rather than (— 1) R . Here, 
the difference arises from implementing anti-periodic boundary conditions on fermions via a 
Wilson line for the R-symmetry. For the purposes of computing a protected index, both R 
and F are equally good "fermion numbers" (the action of all supercharges shifts them by 
±1). Indeed, we can change a (— \) R index to a (— l)^ index simply by replacing q% o —q?, 
so the two indices contain identical information. 

A more substantial issue is that the Hamiltonian appearing in the above trace is not Q- 
exact for any supercharge. This is easy to fix, and in the process we learn which variables the 
index depends on holomorphically. We note that the supersymmetry algebra with Q = Q=p 
is {QjQ^} = 2(H =p Z) =: ^H±, where Z is the real central charge (see Appendix A). In 
the present setting, the central charge of a state with flavor charge e is given simply by 
Z = e ■ m 3d , with m 3d = (m 3d , ...,m^) being the real mass deformations associated to the 
flavor symmetries. Therefore, we can write 

e- 2 ^exp lie I A flavor ) = e-^+x; 6 = e~ pH - X e _ , (2.13) 

where we have introduced the complexified fugacities 

x± = exp(X±) = exp I 2ir(3m 3d =F i I A flavor ) = exp (2vr/3m 3d =F (2m9 - kH)) . (2.14) 
V JSj\r=o J 

The logarithmic variables X± can be thought of as two-dimensional twisted masses, rescaled 
to be dimensionless. They are naturally periodic. Using this substitution, we can interpret 
the partition functions on D 2 x q S 1 as indices, with Q-exact Hamiltonians: 



z bps( x +'^) = Tr n(D-,a){-l) R e PH+ Q J * e (topological), 
Z^(x.;q) = Tr H(D . a) (-l) R e-P H -q- J+ 2x e _ (anti-topological) . 



(2.15) 



The topological index counts BPS multiplets (those for which H + = 0), while the anti- 
topological index counts anti-BPS multiplets (those for which H_ = 0). Such indices have 
been studied extensively in the context of of open topological string amplitudes [36-39] (c/., 
Section 2.2). 

So far we have been intentionally ambiguous about the choice of topological versus anti- 
topological twist on D 2 XgS 1 . In defining the holomorphic blocks of a theory, we actually 
use both. In order for the traces (2.15) to converge and define functions of x± and q, it is 
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necessary to analytically continue q = e 2nl ^ £ either slightly inside or slightly outside the unit 
circle. We would certainly like the blocks to make sense as functions. We then define 



B a {x-q) 



x{x; q) 



(2.16) 



K Z^ PS (x;q) \q\>l. 

In each regime, the dependence on x and q is meromorphic. This definition provides a 
unification of the topological and anti-topological sectors. Physically, it is clear that the 
indices (2.15) are closely related: in a CPT-invariant theory, every BPS multiplet contributing 
to i?gpg has an anti-BPS partner contributing to ^gpg- Mathematically, we will see in 
examples (and postulate in general) that each block B a (x;q) can be written as a single q- 
hypergeometric series that converges both for < 1 and \q\ > 1, but with no analytic 
continuation across the unit circle. The inclusion of both sectors in blocks will also be natural 
in three-dimensional topological/anti-topological fusion. 

Now let us say a few words about the finite-/? description of the geometry. It turns 
out to be the most relevant description for computing the holomorphic blocks of nontrivial 
theories, as well as understanding their deeper properties. At finite p, the problem is one of 
supersymmetric quantum mechanics on the half line 1R+ obtained by Kaluza-Klein reduction 
on the asymptotic two-torus of the cigar geometry. The boundary condition at the tip of the 
cigar defines a state (0 9 | that is annihilated by two supercharges (Q-, Q + ) or (Q+, QJ)- The 
asymptotic boundary condition is not exactly given by a state in the quantum mechanics, 
but there is a unique state associated to it, defined by propagating inwards from infinity to 
a finite value of the radial coordinate [17]. Denoting this state as \a), the block is simply 
an overlap in the space of supersymmetric ground states of the effective quantum mechanics, 
B a ~ (0 q \a). More precisely, in order to match (2.16), we set 



(Oq | a) anti-top 

(a|O g )top 



< 1 
> 1 



(2.17) 



using the anti-topological (0 9 | when \q\ < 1 and the conjugated topological state |0 g ) when 
|g| > 1. Both partition functions have a (local) holomorphic dependence on complexified 
masses x. 

Note that the states \a) are supersymmetric ground 
states of the theory on T 2 . The presence of holonomies 
for background gauge fields modify the Hilbert space in 
which these ground states live, so it is important to keep 
track of the background fields in the asymptotic geometry. 
The asymptotic part of D 2 x q S 1 is a product space KxT 2 , 
where the torus T 2 has a flat metric with complex structure 
parameter r = ej3 + i/3p . The holonomies of the gauge 
fields around the two cycles of this torus are given by 

If. „ 1 







/pep 
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Figure 4. The asymptotic torus of 
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The holomorphic blocks are independent of p and depend on the dimensionless quantities 
q = exp(27ri/3e) = exp(27riRer) and x = exp Y = exp (2ir/3m 3d + 2m9 + nnj defined above. 

At first glance, the fact that q depends only on Re(r) (though the blocks depend on 
q holomorphically) may seem peculiar. When we analytically continue in q, we will only 
be analytically continuing in the real part of r. Notably, such a dependence is familiar in 
the geometric-Langlands twist of N = 4 super- Yang-Mills theory in four dimensions [63]. 
In that setting, there is a modular complex coupling r of the N = 4 Lagrangian, and an 
afhne parameter t (which is actually CP 1 -valued) that parametrizes the combination of scalar 
supercharges that is promoted to a BRST operator. Topological field theory observables 
depend only on the combination 

t-r 1 

*GL = Re(r) + i Im(r)^— r , (2.19) 

called the "canonical parameter". When t = ±1, the resulting canonical parameter is just 
equal to Re(7~). We will have more to say about the relation of the present situation to 
Langlands-twisted SYM in Section 6 — we mention it here only to point out that such a 
dependence on Re(r) may not be all that surprising. 

2.2 Vortices, conformal blocks, and BPS counting 

BPS indices of the form (2.15) have been encountered frequently in the context of topological 
string theory as well as in vortex counting. This provides several closely related interpretations 
of the blocks, which are useful conceptually and sometimes computationally. 

Let us first consider the relation to vortex counting. For a gauge theory, we separate 
the mass parameters into those associated with topological U(l) symmetries (FI parameters) 
and those associated with ordinary global symmetries that rotate matter fields. We can then 
place the theory in a background M 2 XgS 1 — the large- p limit of D 2 XgS 1 — and send /3 
(the radius of S 1 ) to zero in such a way that complexified masses (2.14) associated to global 
symmetries are scaled as 

x = exp(/3m 2d ) (2.20) 

with m 2d fixed, while complexified FI parameters x-pi are kept constant. 6 Then the theory 
reduces to a two-dimensional J\f = (2,2) gauge theory on M 2 with an fi-deformation (with 
parameter e), and the holomorphic blocks reduce to equivariant vortex partition functions 
[19, 64], 

B a {x;q) ^> Z" ortcx (x F i;e) . (2.21) 

The field content of the 2d theory is the dimensional reduction of the three-dimensional theory, 
with all Kaluza-Klein modes discarded. The FI parameters xfi couple to vortex number. The 
choice of vacuum a descends to a choice of vacuum at the boundary of M?. 

6 It may also necessary to scale the FI parameters as xfi — > /3 c xfi for some c in order to obtain a nontrivial 
P — > limit, but this is a very different scaling from (2.20). 
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At finite /3, the partition functions on R 2 x qS 1 can be interpreted K-theoretic lift of 
vortex partition functions. This is analogous to the relation between five-dimensional BPS 
counting and equivariant instanton counting in four-dimensional N = 2 theories [65]. This 
suggests that for h = 2iri/3e small (but f3 fixed), holomorphic blocks should have a perturbative 
expansion 

B a (x;q)^expQ_W(x,s a ;h)) , (2.22) 

where W is an effective twisted superpotential for the effectively two-dimensional theory on 
M 2 XgS 1 , including all Kaluza-Klein modes, in the presence of an O-deformation. Such objects 
were considered in [24, 66, 67]. The twisted superpotential depends on the values s a of twisted 
chiral multiplets in a supersymmetric vacuum, a solution (roughly) to exp (s-^W(x, s; ft)) = 1. 
We will return to this equation in Section 3. In the strict e — > limit, the superpotential 
W(x, s; ft = 0) becomes the undeformed twisted superpotential. 

Rather amusingly, the connection to vortices provides a relation between holomorphic 
blocks and conformal blocks in two-dimensional non-supersymmetric CFT. In the extension 
of the AGT correspondence [68] to include half-BPS surface operators, vortex partition func- 
tions for the two-dimensional theory on the surface operator are degenerate conformal blocks 
in Liouville or Toda CFT on an associated Riemann surface [19, 69, 70]. The degenerate con- 
formal blocks are labelled by a discrete choice of operator in the exchange channels denoted by 
a. Then if the same surface operator theory also arose as the reduction of a three-dimensional 
gauge theory, (2.21) shows that the holomorphic blocks reduce to conformal blocks. 

In a related direction, it is well known that five-dimensional BPS indices and four- 
dimensional instanton partition functions are closely connected to closed topological string 
amplitudes [36, 37]. Similarly, as was mentioned in the Introduction, three-dimensional BPS 
indices of the form (2.15) and two-dimensional vortex partition functions are related to open 
topological string amplitudes [38]. In particular, for theories that can be engineered on M5 
branes wrapping a Lagrangian submanifold £ in a non-compact Calabi-Yau Y, the BPS index 
of the gauge theory counts the number of BPS M2 branes that can end on the M5-branes. 
Furthermore, this index can be computed by evaluating the open topological string partition 
function for that geometry Z^n- The string coupling is encoded in q = e~ 9s , and both open- 
and closed-string moduli appear as flavor fugacities x. The choice of vacuum is then related 
to a choice of brane placement. 

The topological string partition function can be computed by summing up corrections 
to the effective action of a two-dimensional M = (2,2) theory on M 2 in the presence of a 
graviphoton background [38], leading to an expression of the form 



B a (x;q) ~ ~ exp 



-^opon 



~ (-l) 2J q m (- J -f+h) x -^N} R 
We-l m(q2 -q 2 ) 

oo D 



(2.23) 



II II (1 - ^- n *-f j • ( 2 - 24 ) 
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Here Nj R is the number of BPS M2 branes with given spin, R-charge, and flavor charge. 
This result has a simple heuristic interpretation in the gauge theory. In three dimensions 
the central charge of the N = 2 superalgebra is real, so any collection of BPS excitations 
can potentially form a bound state at threshold. Then the topological string amplitude is 
counting the single-particle BPS states at a point in moduli space where these bound states 
can be organized into a Fock space generated by oscillators for the angular momentum modes 
of quantum fields corresponding to elementary BPS particles [39, 71]. The integers Nj R 
describe the number of such quantum fields with given charges, and the angular momentum 
modes lead to the product over n. 

There is an important distinction, at least philosophically, to be made between holomor- 
phic blocks and topological string amplitudes. Namely, our definition of holomorphic blocks 
as supersymmetric gauge theory partition functions on D 2 x q S 1 suggests that they are locally 
holomorphic functions of their parameters. Topological string amplitudes, on the other hand, 
are subject to the holomorphic anomaly, and when they are expanded around appropriate 
large volume points in moduli space they are not necessarily related by analytic continua- 
tion. The BPS counting interpretation of holomorphic blocks should then only hold in an 
appropriate region of parameter space, if ever. We will see an explicit example of this in the 
context of the free chiral theory of Section 2.5. 

2.3 Topological/anti-topological fusion in three dimensions 

Our motivation for studying D 2 x q S l partition functions is the conjecture that they form the 
building blocks for the ellipsoid partition function and supersymmetric index. Let us consider 
how this comes about. 

Two copies of D 2 x gS 1 can be combined naturally to give a three-dimensional analogue of 
the topological/anti-topological fusion geometry for two dimensional theories with N = (2, 2) 
supersymmetry [13]. That is to say, they can be "fused" as long as the Hilbert spaces 
defined on their asymptotic boundaries are identical (or more precisely, dual). As in the 
two-dimensional case, the resulting fused construction does not appear to admit any globally 
preserved supercharges that annihilate the partition function. 7 Nonetheless, the presence 
of an infinitely long flat region along which any state must propagate leads to a projection 
onto the reduced Hilbert space 1-Lo{T 2 ) of supersymmetric ground states of the theory, and 
consequently the resulting partition function will be quasi-topological, i.e., it will be invariant 
under all but a finite number of deformations of the N = 2 theory. 

The partition function on the fused geometry thus enjoys, by construction, a natural 
factorization of the form 

£fused= n aP B a (x;q)Bf ) (x ] q) . (2.25) 

7 There may nevertheless be non-standard supercharges preserved by this background. Recent work of [27] 
has shed light on this issue in two dimensions 
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This is a simple consequence of the fact that only supersymmetric ground states \a) E Hq 
propagate in the long cylinder connecting the two cigars. The fused partition function is 
simply the overlap of states generated by the closed of ends of the cigars (after projecting to 
ground states), 

^fused = (0q\0q) , (2.26) 

and inserting a complete set of states spanning %q leads to the factorized form above, 

^fused = (0,| I Yl l«>H I l°?> = S B a (x;q)B a (x;q) . (2.27) 

In the "massive vacuum" basis for supersymmetric ground states, we expect the intersection 
matrix n a p to be the identity. 

Before moving on, some general comments about the relation of this construction to the 
two-dimensional story of [13] are in order. The first and most obvious new ingredient in 
three-dimensional fusion is that there are an infinite number of inequivalent constructions of 
this form, as opposed to the unique two-dimensional topology. For any element g G SL(2, Z), 
one can consider copies of D 2 XgS 1 whose boundary tori are related by a ^-action (along 
with orientation-reversal), and all of the statements above should go through. The effect of 
g is indicated in equations (2.26)-(2.27) by the "tilde" operation acting on q and the mass 
parameters x. More suggestively, we could write the g- fused partition function as 

4La = E B<*(x;q)B«(x ] q) = \\B(x- q )\\ 2 g . (2.28) 

aeHo 

Additionally, the equivariant parameter q has no obvious counterpart in the Cecotti-Vafa 
construction. This equivariance is responsible for the fact that while the asymptotic radius 
of the cigar (which we call p) plays a crucial role in the two-dimensional story, it makes 
no appearance in the definition of three-dimensional holomorphic blocks. Indeed, the two- 
dimensional (/3 — > 0) reduction of the holomorphic blocks leads to a two-dimensional partition 
function for an O-deformed theory. The limit of turning off the f2-deformation, which in 
general on a non-compact space is a singular limit, should reproduce the traditional tt* 
results in the fused setup. Exploring this relation further is left for future work (see also the 
recent work of [27, 72]). 

The result of three-dimensional fusion is a protected observable of a mass-deformed Af = 
2 SCFT in three dimensions associated to any lens space topology (the construction here 
manifestly realizes a genus-one Heegaard splitting of the resulting manifold, which identifies 
it as a lens space). We conjecture that this observable is equivalent to the more conventional 
lens space observables that have been defined and computed by supersymmetric localization 
in recent years, cf. [73-75]. In addition to making the factorization of the ellipsoid partition 
function observed in [9] manifest, this would imply that all other lens space partition functions, 
such as the supersymmetric index, involve products of the same holomorphic blocks. 
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The admissible pairings between left and right blocks are naturally fixed by the require- 
ment that the two semi-infinite cigars be glued along equivalent tori, and this explains the 
relations between parameters in equations (1.1) and (1.3). We will be interested in configu- 
rations for which an SL(2, Z) action on the torus (acting as usual on r) induces a modular 
action combined with a reflection on the parameter q. Specifically, if r i— > r = —g ■ r, we 
would like f3e \— > (3e = —g ■ (fie) as well. This is precisely the case in the degeneration limit 
of the torus, 

P < p , t -»• ep . (2.29) 

For a single cigar, this limit has no effect since it amounts to sending p — >• oo. However, once 
we start to consider nontrivial fusion geometries, this will be an important constraint. 

Notice that although the geometric twist parameters q = exp(2-7ri/3e) and q = exp(2iri(3e) 
are related by f3e = —g ■ (/3e), with g E 5L(2,Z) acting as a modular transformation, an- 
alytic continuation off of the unit circle will not respect this relation. That is to say that 
in analytically continuing, the fact that one side is topologically twisted and the other is 
anti-topologically twisted will lead to an additional complex conjugation in the relationship 
between r and r. Consequently, after any analytic continuation of q off of the unit circle, 

| 9 |<1 ^ \q\>l- (2.30) 

Put differently, a modular transformation alone would preserve the upper half-plane, but a 
modular transformation combined with a reflection about the origin switches upper and lower 
half-planes. This dovetails nicely with the definition of blocks B a (x;q) from Section 2.1 as 
actual functions, using a topological twist outside the unit circle and an anti-topological twist 
inside the unit circle. In any fused combination ^ a B a (x; q)B a (x; q), the blocks on the left 
automatically correspond to an anti-topological twist when the blocks on the right correspond 
to a topological one, which is just what we need for topological/anti-topological fusion. 

2.3.1 S-fusion 

We now take a closer look at the fusion geometries that are related to the ellipsoid partition 
function (S-fusion) and the sphere index (identity- fusion), and relate parameters (x,q) and 
(x, q) in the two cases. 

If we fuse two blocks whose asymptotic boundaries are related by the element S G 
ST(2,Z), as in Figure 5, we end up with the topology of the three-sphere. The complex 
structure r = f3e + i^p" 1 of the torus on the right is related to that on the left as 



5T7= 1 = Jt ip \ >- R - (2-31) 



Thus, in the p — > oo limit, /3e = (/3s) . Moreover, in this limit, the individual geometric 
parameters obey 

f-i- (2-32) 
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Figure 5. Matching holonomies i§ A of a background gauge field during S-fusion. 
For the angular momentum fugacity in the holomorphic blocks, we then find 

exp I % I u) )= e 2ni P £ = e h q = exp I i j> Zj \ = = e~^t . (2.33) 





Now consider the holonomies for a background gauge field that has the form A = Aq + klo 
on the left and A = Ao + kuj on the right, with ^ <f s i A = and ^ § s \ A = (as in Figure 3). 

The gluing, combining an S transformation and a reflection, requires us to identify 

e = K , K = e. (2.34) 

Consequently, if we twist anti-topologically on the left and topologically on the right, the 
holomorphic variables appearing in the blocks should be 

x = expX, x = expX, (2.35) 

with 

~ ~ ~ ~ 2tti 

X = 27r/3m 3d + (2vri(9 - kH) , X = 2Trf3m 3d - {2m6 - nh) = —X . (2.36) 

(Note that the relative ± signs that we must use for X and X come directly from the 
definitions of the variables X T in (2.14).) 

In addition, the R-symmetry gauge field Ar must have — kr = kr = 1/2 due to the 
anti-topological/topological twists. The gluing relations (2.34) then impose Or = —6r = 1/2. 
In other words, S-fusion is only consistent if the R-symmetry gauge field has flat component 
with holonomy e 2m6 = e l7T = —1 around the /3-circle on each side. Fortunately, this is exactly 
how we defined the D 2 x q S 1 partition function in (2.8). Also recall that as long as all fields 
have integer R-charges, Or and Or are only defined modulo 1. 

We pause here to note that away from the limit (2.29), the combined (S-fused) partition 
function would indirectly pick up a dependence on p and p, the radii of the cigars. It would 
be nice to explore the properties of the resulting partition functions and to understand if they 
constitute a further interesting deformation of the three-sphere partition function. 

The relation of holomorphic parameters (x, q) and (x, q) above matches that which 
emerged in the factorized form of the ellipsoid partition function discovered by [9]. In 
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Figure 6. Matching holonomies i § A of a background gauge field during id-fusion. 

more standard notation, the ellipsoid partition function would depend on q = exp(27Ti& 2 ), 
q = exp(27ri&~ 2 ) and x = exp(27r6^), x = exp(2-7r6~ 1 /i), where \i are complexified mass 
parameters relevant to the ellipsoid geometry [2]. 

2.3.2 Identity fusion 

The second fused construction we consider is that with the simplest possible gluing. We 
choose the element id G SL{2, Z), which leads to the topology S 2 x S . 
In this case, the condition for matching the asymptotic tori is simply 

t = -t = -ef3 + i(3p- 1 => Pe = -f3e, (2.37) 

or more precisely 

P = P, s = -e, (2.38) 

so that 

q = e h , q = e - h = q- x . (2.39) 

In this construction, the asymptotic radii p and p of the cigars play no role, but we usually 
still work in the limit (2.29). 

The holonomies of a U(l) connection Aq + kuj on the left and Ao + TaJj on the right must 
obey 

= 0, k = -k mod Z , (2.40) 

with the sign in the second equation coming from the reversed orientation in the gluing. 
Again, we assume that all fields have integral charges. Then the fact that k = —k need only 
be true up to an integer becomes physically relevant: the sum defines a nontrivial magnetic 
flux of F = dA through S 2 , 

-m:= —f F = k + k. (2.41) 



2vr 



Let us then set n = — y + kq, k = — ™ — kq. If we anti-topologically twist on the left and 
topologically twist on the right, then the variables in the holomorphic blocks associated to a 
U(l) flavor symmetry become 



x = exp X = q 2 ( , x = expX = q2( , (2.42) 
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with = exp (2iri0 — kqK) . 

The connection for the R-symmetry in this geometry has — kr = kr = 1/2, which is right 
for there to be no net R-flux through S 2 . In addition, we set Or = Or = 1/2. This matches 
the holonomies of Ar in the S-fusion geometry up to a subtle sign: in S-fusion, we had to 
have Or = —Qr_ = 1/2. The two assignments are equivalent if we are freely allowed to shift 
Or and Or by integers, i.e. if all fields in a theory are given integral R-charge assignments. 
Our ability to write both S-fusion and index-fusion partition functions in terms of exactly the 
same set of holomorphic blocks B a (x; q) seems to rely on this property. 

We conjecture that the fused partition function = J2 a B a (x;q)B a (x;q) is 

equivalent to the sphere index defined as 

l(m, C; q) = Tr H{s *. m) {-l) R ql +J *( e , (2.43) 

with J3 and R denoting spin and R-charge in the super-Poincare algebra on (round, untwisted) 
S 2 x M, e denoting flavor charge as usual, and m denoting the units of magnetic flavor flux 
through S 2 . This is the same index defined by [8], following [3, 7, 8, 76, 77], up to the 
modification (— 1)^ — > (—1) R . The expression (2.43) is exactly the same index studied by 
[10], as long as fields have integer R-charge assignment. 8 The identification of parameters 
(2.40)-(2.42) found for holomorphic blocks is identical to the relation predicted in factorized 
forms of the index in [10]. 

Note that in writing (2.42) and obtaining a direct relation to sphere indices, we have 
tacitly set to zero the real mass parameters m 3d for the flavor symmetries. In the fused 
geometry, m 3d appears to be an additional free parameter, which could be turned on to further 
modify (2.42). This deformation does not seem to have an analogue for the round S 2 XgS 1 
index geometry. Indeed, on S 2 x q S 1 , the scalar fields in background gauge multiplets are 
quantized in units of h = log q, fixed to equal the magnetic flux through S 2 . (This is actually 
how the combinations (pC^ 1 arose for the sphere index in [10].) A Q-exact deformation from 
round S 2 x q S 1 to two fused copies of D 2 x q S 1 should evidently send quantized masses in the 
former to vanishing masses in the latter. 

2.4 Difference equations 

An extremely useful property of partition functions on D 2 XqS 1 is that they are solutions to 
a system of difference equations, which we now take a moment to explain. The difference 
equations arise as Ward-Takahashi identities for line operators that wrap S 1 and act at the 
tip of the cigar. These supersymmetric line operators are in some sense a three-dimensional 
lift of the chiral operator insertions that led to tt* equations in two dimensions. The Ward 
identities also provide a new perspective on difference equations that arose in the context of 
open topological string theory [42]. In this paper, they provide a powerful computational tool 
for analyzing blocks. 

8 In [10], the naive fermion number F = 2J3 was redefined to include additional angular momentum from 
electric particles in a magnetic monopole background. This has the same effect as replacing (— 1) F — > (— 1) R 
when states have integer R-charge. 
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The line operators we have in mind were studied extensively in [10, 15, 24]. They are 
half-BPS Wilson and 't Hooft lines for the background gauge fields corresponding to the 
abelian flavor symmetries of a theory. For each U{\)i flavor symmetry (in a maximal torus 
of the global symmetry group), there is a supersymmetric Wilson line xi that measures the 
holonomy of the associated background gauge field, and so acts as multiplication by the 
complexified mass parameter in (2.14), 

XiB(x;q) = x l B(x;q) , (2.44) 

and there is also an associated 't Hooft line pi that shifts Xi h- > qxi, 

PiB(x;q) = B(x 1 ,...,x i -i,qx i ,...;q). (2.45) 

In terms of the logarithms Xi, we have pi = exp(hdx i )- Thus the operators obey q- 
commutation relations 

PiXj = q 5ij Xjpi ; pipj = pjpi , XiXj = xjXi . (2.46) 

One nice way to understand these commutation relations is to weakly gauge the flavor 
symmetries by coupling a three-dimensional theory to an abelian four-dimensional N = 2 
theory, thinking of the 3d theory as living on the boundary of a 4d spacetime. In the case of a 
3d geometry M 2 x g 5' 1 (which for this purpose is equivalent to the curved cigar version) the 4d 
geometry is just IR 2 x (? S' 1 x IR + . In the bulk, the operators x and p are dynamical Wilson and 
't Hooft lines that wrap S l and can live at any point on They can move freely along R + 
and act on the boundary, but their ordering along IR + matters. It is the order in which they 
can act on the boundary. It was argued in [78, 79] that the OPE of line operators is graded 
by angular momentum in transverse directions — i.e. by the spinning of M 2 — ultimately 
implying that as two operators pass each other on M + they will (/-commute. 

When line operators act on the D 2 XgS 1 partition functions of given three-dimensional 
N = 2 theory, they will obey Ward identities of the form 

f a (x,p;q)-B(x;q)=0, (2.47) 

where the f a are polynomials in Xi, pi, and q. There are typically as many operators f a as 
there are flavor symmetries, so that the equations (2.47) completely determine the dependence 
of B{x; q) on x. A more precise statement is that in the "classical" commuting limit q — > 1, 
the set of equations 

£ S USY : {f a (x,p; 1) = 0} (2.48) 

cuts out a Lagrangian submanifold £susy in the space (C*) 2N , where ./V is the number of 
flavor symmetries, with respect to a canonical symplectic form Q = V\ — A — . We will 

£ — ^ Pi &i 

return to this submanifold in Section 3. The points on £susy at a fixed value of the Xj — i.e. 
the solutions pf (x) to f a (x,p; 1) = — are in one-to-one correspondence with the massive 
vacua a of the J\f = 2 theory. In the fully quantum setting, we expect that the holomorphic 
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blocks B (x; q) provide a complete basis of solutions to the quantized Ward identities (2.47). 
This turns out to be a useful way to characterize the blocks: they are the solutions to the 
Ward identities that possess certain analytic properties. We will discover more about the 
required properties in the following sections. 

The Ward identities (2.47) can be derived systematically for any M = 2 theory that has 
a UV Lagrangian description. The procedure for doing so was described in [10, 15] in the 
context of ellipsoid partition functions and S 2 x q S 1 indices, but it is entirely local: the line 
operators, their algebra, and their Ward identities are localized at points in the geometries 
that look locally like the tip of D 2 x q S 1 . Thus, the systematic procedure applies directly to 
holomorphic blocks. We will review aspects of the construction in Section 4. 

In the case of geometries S% and S 2 x gS 1 , there are of course two places where line opera- 
tors can act supersymmetrically, corresponding to opposite tips of cigars in topological/anti- 
topological fusion. Indeed, these compact partition functions obey two sets of Ward identities, 

f a (x,p-,q)-Z = f a @,ftq)-Z = 0, (2.49) 

in two mutually commuting sets of line operators (x,p) and (x,p). This was one motivation 
behind predicting a factorization of the supersymmetric index into blocks in [10]. More 
explicitly, using variables as described in Section 2.3 it is known that the Wilson and 't Hooft 
loops act as 

Si : x = e 2 ^, p 
S 2 x q S 1 : x = qf(, p 

so that px = qxp while px = qxp. The multiplicative action of the Wilson loops agrees 
beautifully with the identification of parameters (x, q) and (x, q) that we found on the two 
halves of fused geometries in Section 2.3, and provides strong verification for our results there. 
In fact, we may observe that once we know the relation between q and q in a fused geometry, 
the requirement that g-shifts commute with multiplication by x (and g-shifts commute with 
multiplication by x) fixes the relation between x and x almost entirely. 

2.5 Factorization for the free chiral 

With the general picture of holomorphic blocks in place, let us consider a simple and funda- 
mental example of factorization: the theory of a free chiral multiplet. This theory illustrates 
many of the important properties of holomorphic blocks and fusion, so it is worth introducing 
it in some detail. 

In order to put the theory on curved backgrounds we must specify Chern-Simons terms 
for the background vector multiplet coupled to the U(l) flavor symmetry. We must further 
specify R-charge assignments and Chern-Simons contact terms for the R-symmetry vector 



e ibd ^ q = e 27Tib 



x = e 

exp(<9 m + §<9iogc)> Q = e h ] 



2nh 



e*" 1 ^, q = e 2mb - 2 ; 



(2.50) 



q™( \ P = exp(<9 m - |<9iogc)> q = e~ 
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multiplet. We define the theory Ta as follows, 
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(2.51) 



where F and i? denote the flavor and R-symmetries, respectively. We have encoded the 
background Chern-Simons couplings both for flavor and R-symmetry gauge fields in a single 
matrix. For example, there is a Chern-Simons coupling for the flavor symmetry at level 
k = —1/2. The notation Ta is from [15], where this was the theory associated to a single 
ideal tetrahedron A. 

Note that the half-integer bare Chern-Simons levels in (2.51) cancel the anomaly coming 
from the fermions in the chiral multiplet 4>. For nonzero real mass m 3d , they contribute an 
extra shift by 



Ah 



sgn(m 3d ) x 



1/2 -1/2 
-1/2 1/2 



(2.52) 



to the effective matrix of Chern-Simons levels [61], changing all the half-integers into integers. 

Usually it is only essential to cancel anomalies for a dynamical gauge symmetry. However, 
a cancellation of anomalies for flavor symmetries becomes important if the flavor symmetries 
are ever to be weakly gauged — or if we are to consistently turn on background vevs for flavor 
gauge fields. This is exactly what we want to do for our partition functions, and indeed it 
happens that factorization into holomorphic blocks is only possible when all flavor anomalies 
are cancelled. (This was observed in [9] for ellipsoid factorization.) 

The ellipsoid partition function for this theory is commonly expressed in terms of variables 
(fJ-,b), where \x is the mass parameter associated to the flavor symmetry and b is the real 
deformation parameter for the ellipsoid geometry. They are related to our variables as X = 
2irbfi and H = 27tib 2 . In [2], it was shown that 



Z\(X;K) = exp 



ITT 



.(6 + 6- 1 )) 2 s b ^(b + b 



(2.53) 



where the function Sb(x) is the non-compact quantum dilogarithm. 9 Physically, b is real and 
ft, is pure imaginary with positive imaginary part, but the partition function (2.53) can be 
analytically continued to an entire cut plane ft 6 C\{zIR<o}. After giving ft a nonzero real 
part, we find that 



1 — q r+1 x 



r=0 



- q ' x 



' x' 



-i 



\q\ < i 



> i 



(2.54) 



9 After its introduction in [59] and rediscovery in [60] as a solution of the quantum pentagon identity, the 
non-compact quantum dilogarithm has appeared with various notations in the literature. The notation "s;," 
adopted here is the one used in [80] and [2]. The inverse of this function is called in [81]. Some of its relevant 
analytic properties and asymptotics can be found in [50]. 
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where as usual q = exp/i = exp27rz6 2 , q = exp — = exp27ri6 -2 , and x = expX, x = 
exp ^X. The constant prefactor in the products is C = exp = exp (h— • 

The sphere index is expressed in terms of variables (m, £,q), as discussed in Section 2.3.2. 
It was shown in [10] (following [8]) that the index, defined only for \q\ < 1, can be written in 
the form 

oo .. _ r _i _i 

XaK C; q) = II i ~ r ~i . ( 2 -55) 
„ 1 — g a; 1 

where q = q~ x , x = q^ £, an d % = 9 T C -1 - 

As written above, the factorization of the two partition functions is almost obvious. The 
only nontrivial aspect is that the variables (x, q) appear in the numerators of the products 
and the dual variables (x, q) in the denominators, or vice versa. Nevertheless, both numerator 
and denominator can be written in a uniform manner. Let us define the "tetrahedron block" 
as follows: 

Ba(x; q) = (gaT 1 ; q)^ , (2.56) 



where 



with 



(g)„:=(l-g)(l-? 2 )---(l-g n ). (2.58) 

The g-hypergeometric series defining the function (z;q)oo converges for all \z\ < 1 both 
inside the unit circle |g| < 1 and outside the unit circle |g| > 1 to the infinite products 
indicated on the right side of (2.57). In each regime, the product representation provides an 
analytic continuation in z to a meromorphic function of z G C. However, there is no analytic 
continuation in q between |g| < 1 and |g| > 1 — approaching the unit circle |g| = 1 from 
either inside or outside, the function (z; q)^ diverges at every rational point (every root of 
unity) . 

It is the function (qx ;q) 00 — defined piecewise inside and outside the unit circle, but 
possessing a single g-hypergeometric series expansion that makes sense in both regimes - 
that we call the tetrahedron block. Due to the reflection used in any fusion operation of two 
cigars, the parameter q is outside the unit circle whenever q is inside the unit circle, and vice 
versa. Correspondingly, one half of a fusion geometry is topologically twisted and the other 
half anti-topologically twisted. Then it is easy to see that the fused partition functions take 
the simple form 

Z\{X-h) = B A (x;q)B A (x;q), X A (m, (; q) = B A (x; q)B A (x; q) , (2.59) 

with the appropriate definitions of (x, q, x, q) in each case. Quite amazingly, the S-fusion 
product Z A (X;h) = \\B A (x; q) ||| , is a function that can be analytically continued from 
Re h < to Re K > across the positive imaginary axis where h = 2mb 2 is physical. 
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The factorization of the ellipsoid partition function in (2.54) only holds modulo the 
prefactor C 2 in (2.54). This prefactor looks similar to the contribution of a level ^ R-R 
contact term. We will almost always work modulo such R-R contact terms in this paper, 
in part because it is rather subtle to fix them precisely. One way to (partially) absorb the 
prefactor in the blocks, if so desired, is to modify 



where we define 



B A (x;q)^(q) 00 B A (x;q), (2.60) 



(?)» = (9- A )« :H . ' , . (2-61) 




Then || (q)oo Is — 

-^C 2 , while \\(q) 

ootid — 1- Note that R-R contact terms are always invisible 
in the index (identity fusion) and only appear for the ellipsoid partition function (S-fusion). 

This simple example allows us to investigate the relationship between blocks and BPS- 
counting partition functions. The infinite-product forms (2.57) of the block B A take roughly 
the form (2.24) that one expects for a BPS index. We need only identify the elementary 
BPS excitation that generates the Fock space counted by the BPS index. For the free chiral 
theory (2.51) with m 3d > (\x\ > 1), there is a single elementary BPS state coming from the 
chiral field itself. There is also a single elementary anti-BPS state coming from the anti-chiral 
which is CPT conjugate to 4>. We can then see that the block B A (x; q) matches the expected 
BPS-counting partition function for \q\ > 1 and anti-BPS counting for \q\ < 1, as described 
by (2.15). 

For m 3d < 0, the match is not exact at first sight. In this region, (f> gives rise to an anti- 
BPS excitation and it is the anti-chiral multiplet (fy (with flavor charge —1, opposite statistics, 
and R-symmetry of the multiplet shifted by —1) that creates a BPS particle. However, the 
blocks as defined do not see this distinction - they are analytically continued across Re m 3d = 
(i.e. across \x\ = 1) without any trouble. The simplicity of this analytic continuation hides 
an interesting subtlety of blocks. Indeed, for m 3d < 0, there are effective Chern-Simons terms 
for background fields remaining at low energy, as can be seen from (2.52). For example, there 
is a level —1 Chern-Simons term for the flavor symmetry. We are then led to attribute the 
difference between the analytic continuation and the true BPS counting in this regime to 
these Chern-Simons terms, and we write 

B A (x; q) = (qx- 1 ; q)^ = 6{ ~\ \ X]q) , (2.62) 

\ x : Q)oo 

where 

9(z; q) := (~q 1/2 z; g)oo(-g 1/2 * _1 ; <7)oo (2.63) 

is a Jacobi theta-function. The denominator on the right-hand side of (2.62) is the prediction 
of BPS counting, and the theta function is the effect of the Chern-Simons contact terms 
present in this region of parameter space. Remarkably, this is precisely the prescription for 
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including Chern-Simons contact terms that we will be led to by a more formal analysis in 
Section 4.2. 

The successful interpretation of B A (x\ q) as a BPS index is the first confirmation of the 
conjecture that the factorized pieces of the ellipsoid partition function and sphere index can 
be interpreted as partition functions on D 2 XgS 1 . We may also consider the limit q — > 1 , or 
H — > 0. The block B A (x\ q) has an asymptotic expansion given to all orders by 



B A (x; q) = (qx 1 ;q) oa r ~° exp - 



oo 



J2 Bj "^-^2~n{x X ) 
n=0 



(2.64) 



where B n = (l,^,g,0,— ^,...) is the n th Bernoulli number. It makes no difference whether 
the limit H — > is taken from inside or outside the unit circle. This series captures the 
perturbative contributions of a chiral its KK modes to the twisted superpotential (2.22) of 
T A compactified to two dimensions on M 2 x qS 1 [24, 66]. We will say more about this in 
Section 3. 

We conclude by mentioning the difference equations which arise from line-operator Ward 
identities for the theory T A . These were described in [10, 15], and they correspond to "quan- 
tized Lagrangians" for Chern-Simons theory on a tetrahedron [82]. The difference equations 
take the form 

(-l+p + x- 1 )B A (x;q)=0, (2.65) 

in other words B A (qx; q) = (1 — x~ 1 )B l \(x; q), and it is easy to see from the infinite products 
that this is satisfied in both regimes \q\ < 1 and \q\ > 1. In the context of topological 
strings, this difference equation appeared much earlier in [42], where it was interpreted as 
a quantization of the B-model curve which is mirror to C 3 . Indeed, the theory one obtains 
on a single toric brane in C 3 , in the canonical framing, is a theory T' A of a free vortex, 
which is related to T A by 3d mirror symmetry. We will compute the blocks of directly in 
Section 4.4.1. 

2.6 Uniqueness of the factorization 

It is interesting to ask whether the factorization of T A partition functions found in Section 
2.5 is unique. Suppose that we are looking for a function B(x; q) such that 

1. B(x, q) is meromorphic in x G C as well as in q S C\{|g| = 1} ; 

2. there is some natural correspondence between the definitions of B(x,q) in the regimes 
\q\ < 1 and \q\ > 1 — e.g. they have the same convergent q-hypergeometric series; 

3. B(x; q) is annihilated by the difference operator p + x _1 — 1 in both regimes; 

4. Z b A (X; h) = B(x; q)B{x; q) and Z A (m, (; q) = B{x; q)B(x; q) . 

From condition (3), it follows that B(x;q) = c(x; q)B A (x; q) where the prefactor c(x;q) 
satisfies 

c{qx;q) = c(x;q) , (2.66) 
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so that it is just a constant from the perspective of the difference operator. Then from (1) 
it follows that c(x; q) must be an elliptic function both inside and outside the unit circle. 
It would be more standard to write c(x;q) in terms of the logarithmic variables X = logs 
and h = log q; then ellipticity says that the function is invariant under X — > X + 2iri and 
X — > X + h, as well as (here) h — > h + 2iri. 

Finally, conditions (2) and (4) require c(x; q)c(x;q) = 1, given an appropriate relation 
between regimes \q\ < 1 and \q\ > 1. The most natural way to satisfy this is to require c(x; q) 
to be an elliptic ratio of theta functions, namely 



ex; 



l[9((-q 1/2 ) b *x a *;q) ni (2.67) 



where the product is finite, 9 is the theta-function from (2.63), and o«, b{ and rtj are integers 
that satisfy 

riiaf = , riiaibi = , and sometimes nib 2 = . (2.68) 

i i i 

An example of a function that satisfies the first two constraints is 9(x 2 ; q)/9(x; g) 4 . 

The first two constraints in (2.68) imply ellipticity. It is an interesting exercise to check 
that the constraints also cause the product (2.67) to satisfy condition (4). For example, the 
modularity of the theta- functions implies that for S-fusion (for the S? 'tilde' operation) 

9((-q^ 2 ) b x a ;q)8((-q 1/2 ) b x a ;q) = C~ 2 exp [ - i (aX + b{m + h/2)f\ , (2.69) 

with C as in (2.54). Then the constraints (2.68) ensure that |c(x; g)!! = 1 modulo a power 
of C. We could partially absorb these powers of C by including factors of {q)oo m each theta- 
function. Usually we work modulo such corrections, which correspond to R-R contact terms, 
in which case we will ignore the third constraint, as it will only modify the product (2.69) by 
a sign and some power of C. 

In the case of identity-fusion (for the sphere index), the product \\c(x; g)|||j is identically 
equal to 1, and the third constraint is not needed. Again, this is ultimately due to the fact 
that the index is insensitive to R-R contact terms. 

Thus, from a purely mathematical perspective, we have found that the factorization of 
the Ta partition functions into the blocks B&(x; q) is unique up to multiplication B&(x; q) — > 
c(x\ q)B<\(x; q) by modular elliptic functions of the form (2.67). Such an ambiguity will persist 
throughout this paper for all non-perturbative constructions of blocks. These ratios of theta 
functions may have a nice physical interpretation in term of "resolving" Chern-Simons contact 
terms in a cigar geometry, which we discuss in Section 4.2. 

Notice that if we take h to be small, then an elliptic ratio of theta functions c(x; q) has 
a trivial perturbative expansion: 

c(x;q) h ~°i#C#, (2.70) 

for some integer powers of i and C. This is accurate to all orders in h, and independent 
of whether h approaches zero from inside or outside the unit circle. The expansion follows 
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by combining the elliptic and modular properties of c(x;q); or more explicitly by observing 



to the S-fusion product (2.69), so that in an elliptic ratio (2.67) all nontrivial asymptotics 
cancel. Therefore, multiplication by c(x; q) introduces a purely non-perturbative ambiguity 
into blocks, a non-perturbative ambiguity of a very special type. 

The statements made here about uniqueness of B&(x; q) will apply equally well to blocks 
of any theory with a single vacuum (hence a single holomorphic block). If there are multiple 
massive vacua in a theory, leading to multiple blocks B a (x; q), we have the freedom to rescale 
each B a (x;q) by an elliptic ratio of theta-functions c(x;q), as well as to perform a linear 
transformation 



for a constant matrix M. Both of these transformations preserve fused products. The piece- 
wise linear transformation (2.71) will appear naturally as a Stokes phenomenon for blocks. 

3 Blocks from quantum mechanics 

We now take a closer look at holomorphic blocks for gauge theories of the general type dis- 
cussed in Section 2. Our aim is to formulate the blocks as certain partition functions in 
supersymmetric quantum mechanics. This approach is closely aligned with our view that 
factorization of ellipsoid and index partition functions arises from the three-dimensional ana- 
logue of topological/anti-topological fusion. The geometry D 2 x q S 1 is a torus fibration over 
the half- line IR+ = {t £ [0, oo]}, with the torus achieving fixed area and complex structure 
as t — > oo. Macroscopically, the geometry is then one-dimensional, and by Kaluza-Klein 
reduction on the torus fiber, one may obtain a description of the problem in the language 
of supersymmetric quantum mechanics. This will provide a natural and intuitive framework 
for discussing the general form of holomorphic blocks and their properties, and will lead to a 
very general picture of how holomorphic blocks should be computed. 

We will see that the blocks of a given gauge theory are computable via a finite-dimensional 
contour integral. We determine the integrand perturbatively to all orders in h. The different 
blocks then arise from different choices of contours, where the contours are determined by 
gradient flow with respect to the superpotential of the quantum mechanics. This approach 
will provide valuable intuition for the behavior of blocks. However, in this analysis we will 
not determine the exact non-perturbative integrand and integration contours. Rather, we will 
combine the present results with the constraints imposed by Ward identities for line operators 
to generate a non-perturbative block integral in Section 4. It would be interesting to find a 
non-perturbative completion of the path integral derivation here. Such a derivation would be 
especially desirable for applications of these ideas to holomorphic blocks in more than three 
dimensions [83]. 

An essential property of the theories that we consider is the presence of massive vacua at 
generic values of mass parameters. We will always assume that we have deformed a theory 



that each theta function has an asymptotic expansion 9(x;q) 



c- 1 



exp (-^X 2 ), similar 




(2.71) 
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to such a point in its parameter space. This gives us control over the dimensional reduction, 
and ensures, e.g., that the quantum-mechanical path integrals that compute the blocks are 
divergence- free. 

3.1 Kaluza-Klein reduction 

Our first goal is to describe the effective N = 4 quantum mechanics in the bulk of M+ coming 
from a reduction on D 2 XqS 1 . For this purpose, it suffices to consider the flat, asymptotic 
region of D 2 XgS 1 , which has the form T 2 xR, and reduce on the torus T 2 . By continuing 
to work in the limit p 3> (3 and at small h = 2ni(3p, the reduction can be performed in two 
steps: first reducing on the circle Sp (in fact, on an exactly periodic cycle of T 2 that is slightly 
offset from Sg) to obtain an effective two-dimensional theory on Sj xl, and then reducing 
on Sp to quantum mechanics. A non-perturbative version of this derivation would require a 
one-step reduction on the torus fiber at generic values of r. 

The reduction on the first circle yields an effective N = (2, 2) supersymmetric theory. Its 
dynamics are just controlled by twisted F-terms. 10 The computation of these terms in the 
action has been described previously in [66] (see also [24] for some relevant discussion). We 
briefly review some of its relevant aspects. 

In general, when reducing a three-dimensional gauge theory on a circle of radius R, one 
can include Wilson lines for global symmetries that complexify the real mass parameters, 

mi = mf + ^-<f> Ai, i = l,...,N. (3.1) 

As already discussed in Section 2, complex mass parameters rm are twisted masses and 
complexified FI terms in the effective two dimensional theory, and they can be treated as 
scalars in background twisted chiral multiplets Mi = mi — i^/26 + \ + — i\^2d A_ + . . . . The 
real scalars a^ d in gauge multiplets are similarly complexified by Wilson lines of the gauge field 
and b ecome complex scsd&rs in twisted chircil multiplets Xl a 
y/26 + 6- (D a -i*F a ) + ... , where 

Ga = (T « d + llf sl Aai = 1 '-' r - ( 3 - 2 ) 

As long as the abelian symmetries of the theory are compact, invariance under large gauge 
transformations of the three-dimensional theory will manifest as periodicity of the complex 
scalars a a and mj, 

2iri 2-ki 

CT a ~ 0"a + , TH{ ~ Tfli + — . (3.3) 

This periodicity is not a general property of twisted chiral multiplets in N = (2, 2) theories. 
The lone exception is the background twisted chiral whose scalar is an FI parameter, whose 



10 This is generally true even in the curved part of the cigar. The effective M = (2, 2) theory there is A- 
twisted, so only twisted F-terms are relevant; though the computation of the twisted F-terms is no longer so 
simple. 
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imaginary part (a theta-angle) is always periodic. Otherwise, this is a special property of 
two-dimensional effective theories that descend from three-dimensions. 

A single chiral multiplet 4> in three dimensions gives rise to an entire tower of Kaluza-Klein 
modes in two dimensions. If <fi is charged under an overall U(l) symmetry with associated 
real mass m^ d (some linear combination of <r^ d and m| d ), the KK mode <p n with momentum 
n on the circle will have a twisted mass given by 

ms n = ms H — , n G Z . (3.4) 

K 

This spectrum of masses is invariant under shifts — > + 2-ki/R, and the effects of the 
entire tower of KK modes must be included in order to preserve the periodicity described by 
(3.3). 

The twisted superpotential can be a function of the dynamical and background twisted 
chiral multiplets, W{Yi a , Mi), and receives one-loop quantum corrections from integrating out 
massive charged chiral multiplets [62] . The contributions from an entire KK tower of chirals 
can be summed to give 

5W(M+) = ^2(M^ + ) [log(HM^ + 2mn) - l] ~ |m| + ^U 2 (-e- RM <t>) . (3.5) 

Any three-dimensional chiral multiplet makes a contribution of the form of (3.5) to the twisted 
superpotential, with the superfield containing (a linear combination of Mj and E a ). 
The other contributions to the twisted superpotential are tree-level Chern-Simons terms. A 
supersymmetric Chern-Simons interaction with level matrix k ab contributes -Trkab^aEb- 

Gen- 
eralizing to include mixed gauge-flavor interactions ( a. k. a. FI terms) k a i and pure background 
flavor interactions kij, we obtain a total Chern-Simons contribution 

^Wcsi^a, Mi) = ±k ab Z a Z b + k ai E a Mi + IhjMiMj . (3.6) 

The superpotential described above (or more importantly, the action derived from it) is 
not invariant under the large gauge transformations (3.3). This is because we have neglected a 
crucial ingredient [23, 66]. By working with twisted chiral superfields, we have made a change 
of integration variables in the path integral from the abelian gauge fields A a to their gauge- 
invariant field strengths F a that appear as auxiliary fields in the twisted chiral multiplets. This 
is acceptable only so long as we also impose quantization of the field strengths, J F a /2ir £ Z. 
In order to impose this constraint, we introduce an array of delta functions into the path 
integral for each integral value of J F a /2iT — the Dirac comb — via its fourier series, 



E 



exp 



2mn / cT0£ a 



(3.7) 



Without this term, the failure of the action to be single- valued is visible in the shifts of the 
first derivative of the superpotential by integer multiples of 2tti. In particular, the dilogarithm 
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function appearing in (3.5) has multiple sheets labeled by pairs of integers (b, c) on which the 
values of the dilogarithm function are related to its value on the principle branch by 



Li 2 (-e" x ) ->■ Li 2 (-e~ x ) + 2nib(x + m) + 4n 2 c 



(3.8) 



while the quadratic terms which implement Chern-Simons interactions are manifestly multi- 
valued. The addition of the overall factor in (3.7) then amounts to summing over the sheets of 
the covering space M of the scalar manifold Ai on which the action is single- valued (note the 
sheets of the dilogarithm on which the superpotential differs by constant factors are already 
identified, because the constant shifts are killed by the superspace integration). The entire 
integrand of the path integral is thus single valued on the original target space A4, i.e., the 
space of periodic scalar field values. 

Now let us return to the setup on D 2 XqS 1 , with the 
asymptotic profile T 2 x S . We will reduce on the cy- 
cle 7 of T 2 shown in Figure 7. The fibration in the ge- 
ometry makes this cycle a slight deformation of the non- 
contractible circle Sp at the tip of the cigar. In the limit of 
fixed, small h and p —> oo, the radius of the cycle 7 in the 




Figure 7. The cycle used for the 
first reduction. 



asymptotic region is given by R = + e 2 p 2 — > ^[hp, 
whereas for h = exactly, the radius would just be j3. 
Once the reduction to two dimensions has been achieved, 
going down to one dimension is straightforward. This is 
because in reducing from two dimensions to one dimen- 
sion, Kaluza-Klein modes on the circle do not correct the twisted F-terms, and so the di- 
mensional reduction can be performed directly (by demanding that all fields be independent 
of the periodic direction). The only result is to render the effective twisted superpoten- 
tial dimensionless via an overall multiplication by the size 2irp of the circle, leading to the 
quantum- mechanical superpotential 



W QM (Z a ,Mi) = 2irpW{Z a ,Mi) 

QMj + Li 2 (- e - M ^)) + ifc a6 E a E 6 + k ai Z a Mi + IhjMiMj 



(3.9) 



We have absorbed factors of R into all the superfields, rendering them dimensionless. From 
here on out we will work in terms of these renormalized fields, which are cylinder-valued with 
period 2ni. 11 

We are left with a one-dimensional M = 4 supersymmetric Landau- Ginzburg model with 
target space M. = (C*) r and (up to 0{K) corrections) superpotential given by (3.9). The path 



11 We have also implicitly assumed that all chirals <f> have U(1)r charge equal to one, so that the fermions 
in these multiplets have R-charge zero. This is relevant for reduction on D 2 XqS 1 where the U(1)r gauge 
field has a holonomy exp(i7r) = — 1 around the 5^ circle in the asymptotic region, as we have defined it for 
holomorphic blocks. For a chiral with general R-charge _R<^, the twisted mass appearing in (3.9) gets modified 

tO 7Tl0 — > 7Tl0 + {R^ — l)7Tl. 
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integral of this theory is somewhat unconventional due to single- valuedness of the action on Ai 
being achieved through the term (3.7), which is not easily interpreted as a single contribution 
to the twisted superpotential. Rather, it is more natural to think of the resulting partition 
function as one which is formulated on the covering space Ai, and then the sum in (3.7) is a 
sum over deck transformations of the cover. After this summation, the resulting contribution 
to the path integral will be single- valued on Ai. 12 This perspective will prove useful for when 
considering localization for this theory. 

3.2 Vacua and boundary conditions at infinity 

To define the path integral of this one-dimensional theory on M+ , we must specify the bound- 
ary conditions at t — > oo and t = 0. We first consider the asymptotic boundary condition 
at t — > oo. This amounts to a choice of massive, supersymmetric vacuum for the theory, 
and we demand that the fields in the path integral asymptotically approach their expectation 
values in that vacuum. It is crucial that the vacuum have a mass gap — otherwise mass- 
less fluctuations could lead to infrared divergences of the partition function. This is one of 
many reasons behind our requirement that the original three-dimensional theory be massive 
at generic points in parameter space. A more precise condition will appear momentarily. 
The equations that govern the vacua are given by [23] 

dW 

— = 2mn a , n a G Z . (3.10) 
dcr a 

This is written more invariantly after passing to single-valued C*-variables 



by imposing 



(3.11) 



exp(s a — )=1. (3.12) 



The left-hand side is a rational function in (s a ,Xi)- There are a finite number of distinct 
solutions to (3.12) if and only if the vacua are all massive. We must disallow situations where 
two roots of (3.12) coincide, and, more seriously, situations in which the equations 3.12 are 
independent of some 5 a , leaving them undetermined. This latter possibility indicates that 
our initial theory did not have enough flavor symmetries to lift its moduli space. Assuming 
distinct, discrete solutions, we label them si a \ with a indexing the vacua. 

If the sigma model is formulated on Ai , where the individual terms in the action are single- 
valued, then for each term in (3.7) with some fixed integers n, the boundary condition for 
vacuum a will impose that the fields approach the image of the vacuum a on the appropriate 
sheet where (3.10) is solved for that value of n a . This is the choice of boundary condition 
that is naturally invariant under large gauge transformations. 



12 Note that M is not simply the space of fields <7j, but is determined by the detailed form of the twisted 
superpotential and its branching structure. 
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Note that equations (3.12) are the same as the equations that govern the supersymmetric 
vacua of our theory on untwisted M 2 x S 1 [66]. In part, this is just another way of looking at 
the same construction in the p — > oo limit. The reason that we are finding vacuum equations 
on M 2 x S 1 and not twisted (or Omega-deformed) M 2 x g S' 1 is due to our reduction on the cycle 
7 above, which let us ignore the twist. We have in effect demonstrated that vacua on M 2 xS' 1 
and M 2 x 9 5 1 are equivalent (given an appropriate redefinition of fields), and this is not too 
surprising: we would not expect vacua to be charged under the rotations of M 2 , i.e. to have 
non-trivial spin. 

We also recall the construction in [15, 24] of an auxiliary algebraic variety £susy ; the 
"supersymmetric parameter space" of the theory, obtained by adjoining the equations 

/ dW\ 

exp I Xi-g^: J =Pi, i = l,...,N (3.13) 

to (3.12). These define the effective background FI parameters pi for the flavor symmetries 
that would allow supersymmetry to be preserved, were the flavor symmetries to be weakly 
gauged. Equations (3.13), just like (3.12), are rational in s a and xi. After eliminating the 
s a from the combined system (3.12)-(3.13), one is left with N polynomial equations that cut 
out a middle-dimensional algebraic variety in the space (C*) 2N parameterized by (xi,pi) 

£susy : fi(x,p) = 0. (3.14) 

By construction, this is a holomorphic Lagrangian variety with respect to the holomorphic 
symplectic form 

n =E^A* (, 15 , 

^ Xi Pi 

2=1 

As long as the superpotential is nondegenerate, every solution to (3.12) uniquely determines 
background FI parameters at fixed x%. Therefore, the massive vacua of the effective two- 
dimensional theory may equally well be characterized as solutions to (3.14) at fixed x%. This 
is often a more invariant characterization. For example, £susy is invariant under the action 
of three-dimensional mirror symmetry (and other infrared dualities) as long as one stays away 
from massless loci in parameter space. As noted in Section 2.4, the Ward identities for line 
operators acting on blocks are a quantization of the equations for £susy- 

3.3 Boundary condition at the origin 

The boundary condition at t = is defined by the tip of the cigar in D 2 x q S 1 . It is a 
half-BPS boundary condition supported on all of Ai, which was described in [17]. The 
boundary condition assigns to every fixed value of the macroscopic fields s a a certain weight 
- i.e., it can be described as a choice of wavefunction inserted at t = 0. Wavefunctions in 
supersymmetric sigma models can be interpreted as differential forms on Ai, and the choice 
of bosonic weight for the wave function needs to supplemented with insertions of fermionic 
operators to preserve supersymmetry. In this case, the appropriate insertion that preserves 
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supersymmetry corresponds to multiplying the wave function by the holomorphic top form 
on M, 

„ dsi dso ds r , . 

= — - A — - A • • • A — - = da i A • • • A da r . (3.16) 

The bosonic part of the wavefunction can be determined from its three-dimensional mi- 
croscopic description. It should just be the holomorphic block for the chiral multiplets of the 
theory with the gauge fields fixed to background values corresponding to the argument of the 
wave-function! Perturbatively, we can find the wavefunction by summing up contributions to 
a two-dimensional twisted superpotential in the spinning background M. 2 x q S l — i.e. the tip 
of the cigar — in a theory of free chiral fields. The result is 

^o(s a ,mi; h) = Oexp ( \W h (s a ,mi] h) J , (3.17) 



with the "quantum-corrected superpotential" W% given (as discussed in Sections 2.2 and 2.5) 
by 

W h (s a ,mi; H) = \k ah a a a h + k ai a a mi + Ik^rmmj + ^ + Li 2 (-e~ m *~3 ; h)] . (3.18) 



Here each chiral contributes the perturbative series 



13 



oo 



B h n 

Li 2 (x; H) := V -^—U 2 _ n {x) , (3.19) 
^— ' n\ 

n=0 

with B n the Bernoulli numbers (1, ^, i, 0, — ^j, •••)■ We must also include the effect of Chern- 
Simons interactions for all gauge fields, which are simply quadratic terms in (3.18) to all orders 
in h. This superpotential shifts by non-perturbative terms under large gauge transformations 
of the background fields — a feature which will be resolved by the non-perturbative completion 
of Section 4. 

3.4 Localization of the bulk path integral 

We finally turn to the evaluation of the path integral on M + . Modulo the subtleties associated 
to single-valuedness of the superpotential, this is a problem that has been considered many 
times before — for a recent discussion, see [17] . Here we just remind the reader of the relevant 
facts. The bosonic part of the action for the branch labeled by integers n in (3.7) is given by 

In = J dtd A 9g a i'E a E s + J dtdO d9w9 M (i: a , Mi) + c.c. , (3.20) 



13 Again we are assuming that the chirals have U(1)r charge one. For general R-charge R^,, we must 
shift 77i0 — > 771^ + — l)(i7r + h/2). More generally, we can include the complex mass wir coming from the 
background R-charge gauge field Ar as one of the m», feeding into the masses m$ for chirals or into background 
Chern-Simons interactions. Its value is fixed to be m,R = in + h/2, due to the holonomy of Ar around Si at 
the tip of D 2 x g S 1 . 
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where the D-term that contains kinetic terms for the fields is a Q-commutator, so the precise 
form of the Kahler metric g a i is irrelevant. The path integral of this theory can be evaluated 
by localizing to field configurations that are invariant under the action of those supercharges 
preserved at t = 0. The result is that the field configurations that contribute to the path 
integral are precisely those that satisfy gradient flow equations with respect to the potential 
lmW QU on M, as a function of the time coordinate t. For a choice of asymptotic boundary 
condition given by a critical point a, the path integral localizes onto field configurations that 
asymptote to s„ = expert at t — > oo, and that evolve according to 

da a dlm(W^ M ) 

IT = 9 « b da~ b ■ (3 - 21) 
This leads to a simple characterization of the state that impinges upon the boundary at t = 
- it is simply the Poincare dual to the downward gradient-flow cycle associated to critical 
point a, 

^a(s a ,m t ) ~PD[r°] . (3.22) 

The partition function is then given by the overlap of this state with the boundary state at 
t = 0, leading to the following expression for the holomorphic block: 

B a (x; q) = Z QM ~ (Q q \a q ) = [ $ A*$„. (3.23) 

Jm 

Given our identification of the wavefunction ^ a with the Poincare dual of the cycle T a , this 
simplifies to a contour integral on the gradient-flow cycle itself, 

B a (x; w) = Z QM ~ n exp Q^h{s a , m u ft)) • (3-24) 

For such an expression to make sense, the cycles F a must be well matched with the integrand 
exp jjWfi; in other words, the integrals should converge. This seems quite plausible for small 
h, since the magnitude of the integrand precisely matches the potential for gradient flow in 
the limit: lmW QM (a a ,mi) = Re(\W h (s a , rm; h = 0)) . 

The schematic form of Zqm derived here should be correct even when computing holo- 
morphic blocks non-perturbatively (which will be our next goal). This is because the structure 
of (3.24) followed just from general considerations of the behavior of supersymmetric quan- 
tum mechanics in this type of setup. However, the definitions of T a and W% will certainly 
be corrected relative to what we found in this section. The operator insertion Wn requires 
non-perturbative completion. Moreover, the cycles F a should be true gradient flow cycles of 
an exact effective superpotential, which agrees with (3.9) only at leading order. (Although 
(3.9) was correct to all orders in h given our choice of reduction on the torus in the asymptotic 
region, there may be a field redefinition between the asymptotic region and the origin that can 
introduce perturbative h corrections. In addition, the presence of multiple sheets of M must 
be dealt with, via some manifestly non-perturbative effect.) Nonetheless, the considerations 
that led to (3.24) have allowed us to understand enough of the structure of these contour 
integrals that we will be able to fix them up in the next section with additional help from 
line-operator Ward identities. 
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4 Block integrals 

We have just seen that holomorphic blocks can be expressed as partition functions in an 
effective supersymmetric quantum mechanics where, given a three-dimensional gauge theory, 
the dynamical fields in the quantum mechanics are the complexified, exponentiated scalars 
<7 a from the vector multiplets. In this section, we would like to promote those quantum- 
mechanically motivated contour integrals to a non-perturbative prescription for computing 
holomorphic blocks. 

Given an N = 2 gauge theory with matter, our construction takes the form of a formal 
contour integral 



which generates solutions to line-operator Ward identities for the theory. The contributions 
from chiral matter (as well as W-bosons for nonabelian gauge fields) are products of the basic 
"tetrahedron block" given by (2.56). These are meromorphic functions of the complexi- 
fied, exponentiated flavor parameters x% and the s a . The contributions of Chern-Simons terms 
(dynamical and background) will also be genuine meromorphic functions of the exponentiated 
Xi and Si, in contrast to the quadratic exponentials that appeared perturbatively. 

The integration is over an unspecified middle-dimensional cycle in (C*) r , where r is 
the rank of the gauge group. Indeed, the contour integral over any cycle V will solve the 
relevant Ward identities so long as the integral converges, the boundary dT is either empty 
or at asymptotic infinity, and T stays sufficiently far away from poles of the integrand. We 
then propose that all blocks B a (x; q) for a given theory can be obtained by performing the 
integration over appropriate cycles T a . 

The prescription given by (4.1) is a non-perturbative completion of the quantum me- 
chanical integrals described above, so we already know the physical principle by which the 
correct basis of cycles should be specified. Perturbatively in h, the critical points a of the 
integrand are in one-to-one correspondence with the vacua given by solutions of (3.12). The 
correspondence can be continued to finite h. Then from each critical point a we can define the 
cycle r" using downward gradient flow in a neighborhood of the critical point. Far away from 
the critical points, we will need to adjust the contours to avoid singularities. This is simply a 
consequence of the fact that we do not have the exact superpotential for the non-perturbative 
quantum mechanical description. As the parameters x are varied, we expect to see explicit 
Stokes phenomena whereby the basis cycles are reorganized. 

We would like the integral (4.1) to define blocks B a (x; q) with the same basic properties 
as the fundamental chiral block B/\(x;q). Namely: 

1. {B a (x; q)} are a set of meromorphic functions of x S C and q G C\{|g| = 1} with no 
analytic continuation from \q\ < 1 to \q\ > 1. 

2. The perturbative expansions of B°(x;q) in h match on the inside and outside of the 
unit circle \q\ = 1 for fixed a and x. 




[matter contributions] 
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3. For each a, B (x; q) can be written as a single g-hypergeometric series that converges 
for q both inside and outside the unit circle. 

4. {B a (x; q)} form a basis of solutions to the Ward identities fi(x,p;q)B a (x;q) = for 
the gauge theory. 

5. The products Zb(X;h) = \\B a (x; <z)||g and q) = q)\\ id reproduce the S% 
and S 2 x q S 1 partition functions. Moreover, the S% partition function can be analytically 
continued from h < to H > across the physical half-line h = 2irib 2 G £R+. 

Some of these properties — such as (1), (2), and (4) — follow in a straightforward manner 
from the construction of the integral. For example, the integrand itself is a meromorphic 
function of x and s, with no analytic continuation from \q\ < 1 to \q\ > 1 but with the same 
perturbative expansion and g-hypergeometric series in the two regimes. Then demonstrating 
(1) and (2) is a matter of extending these properties from the integrand to the integrals. 
Property (3) is still conjectural, though it can be probed in examples where the integrand is 
evaluated analytically by summing residues. Of course, property (5) is the main conjecture 
of this paper. 

While the blocks defined by the block integral inherit most of the interesting properties 
of the fundamental tetrahedron block B&(x;q), they also inherit its main ambiguity: they 
can be multiplied by elliptic prefactors c(x;q) of the form described in (2. 67). 14 This seems 
to be the price to pay for a non-perturbative completion of this sort. The ambiguity will be 
most evident in our treatment of Chern-Simons terms in Section 4.2, and might conceivably 
be resolved with additional physical input. Recall from Section 2.6, however, that the special 
elliptic functions c(x; q) are invisible to the Ward identities and drop out of the S% and S 2 x q S 1 
partition functions, rendering the ambiguity fairly innocent for many purposes. 

4.1 Assembling Lagrangians and Ward identities 

Since the principle underlying the block integral (4.1) is that it generates solutions to the 
line-operator Ward identities, introduced in Section 2.4, we will now describe the systematic 
construction of these Ward identities. Suppose that the SCFT in question has a UV gauge 
theory description. We can build up the full gauge-theory Lagrangian by starting with a 
number of free chirals multiplets and then applying a sequence of elementary moves — such 
as adding Chern-Simons levels, gauging flavor symmetries, and adding superpotential terms. 
The Ward identities for free chirals are simple, and the idea is to define the elementary 
moves so that each of them also transforms the Ward identities in a tractable manner. 15 

14 We have anticipated that blocks q) are naturally associated to a Stokes chamber in parameter space, 

and transform linearly from one chamber to another. Although a priori we could introduce an ambiguous 
c a (x;q) independently for each block B a (x\q), compatibility with the Stokes jumps forces the prefactors to 
all be equal (at least among any subset of blocks that interact at Stokes walls). 

15 Such manipulations are closely related to arguments of [82] in the context of wavefunctions and difference 
operators. More generally, they fall under the mathematical theory of holonomic functions, cf. [34, 84] , which 
we are basically extending to the level of physical gauge theories (following [10, 15]). 
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The precise form of transformations for each move can easily be deduced by looking at S? 
partition functions or indices. We know exactly from [2, 8] how acting on the Lagrangian of 
a given theory modifies these partition functions, and also that two copies of the cigar Ward 
identities must be satisfied by these partition functions (c/., Section 2.4). Alternatively, the 
transformations can be derived by direct physical arguments, much along the lines of what 
was done in [10, 15] for theories of class 7Z. We will generalize the constructions of Ward 
identities in [10, 15] by allowing for nonabelian gauge groups. However, we will start by 
reviewing all the steps that are relevant for abelian theories. 

To build the Lagrangian for an abelian theory, we first introduce N free chirals </>j. It is 
convenient to make sure that our theory has no gauge or flavor anomalies at every stage in 
the construction — in particular, we only expect the blocks to be well defined in the absence 
of anomalies — so let us start with N copies of the anomaly- free theory The theory 
T x '■= Taj ® • • • ® T& N has maximal abelian flavor symmetry U(1) N = U (l)i x • • • x U(1)n- 
The i'th flavor symmetry rotates the phase of the chiral fa, has a level —1/2 Chern-Simons 
term as dictated by (2.51), and has (say) an associated real mass parameter x%. The operators 
annihilating the partition function of T x on D 2 x q S 1 are simply N copies of the operator for 

T A , 

£ {x) = p i + £r 1 -l~0, i = l,...,N, (4.2) 

where the Wilson loops X{ act as multiplication and the dual 't Hooft loops pi act as g-shifts, 

so piXj = q Si iXjfti. 

The theory can then be modified arbitrarily by applying the following elementary moves. 
First, we allow a redefinition of the flavor symmetry by a linear transformation U G GL(N, Q), 
i.e., a redefinition of the basis of U(l)'s. Correspondingly, the operators (4.2) are transformed 
according to 16 

& ^ n^-)^ 1 - ^ ^ ~n.(pj) Ujt ■ ( 4 - 3 ) 

3 3 

Similarly, we may redefine the R-symmetry current by adding to it a multiple of the U(l)i 
flavor currents. This can equivalently be described as shift of the U(l)i flavor gauge fields Ai, 
sending Ai \— > Ai + g%Ar, for some constants <7j. It is easy to see from the U(1)r holonomies 
in the D 2 XqS 1 geometry that this will modify the Wilson line operators according to 

Xi (-q^pxi. (4.4) 

(We will always choose Oi to be integers; otherwise one should interpret (—q2) ai as e*- 27r+ 2) cr *.) 
A dual transformation is to introduce a mixed flavor/R-symmetry contact term, i.e., a back- 
ground Chern-Simons interaction ~ ^ • J A{dAji. This must act on the Ward identities 

16 If U or U' 1 have non-integer entries, it means that the electric-magnetic charge lattice of the theory is 
being redefined by a stretch or a squeeze. Correspondingly, the transformation may introduce roots of the 
electric and magnetic line operators Xi and pi into the Ward identities. Depending on the intended physical 
definition of the theory, it may be desirable (and it is always possible) to eliminate these roots by multiplying 
the Ward identities on the left by appropriate polynomials in roots of Xi and pi. 
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as 

i (P) 

Pi^(-q 2 ) ai Pi- (4.5) 

More interestingly, we can add Chern-Simons terms for flavor symmetries. The addition 
of a term ^ . ^kij f AidAj with integer level matrix kij, properly supersymmetrized, acts as 



-h- 



IT 



Xj) kij 



(4.6) 



This action can equivalently be described as conjugating all the Ward identities with the 
operator exp^^ - -^rXiXj, where X{ are formal logarithms of Xj. 

Now consider the operation of gauging a flavor symmetry U(l)i. After gauging, shifts 
in the corresponding parameter X{ will act trivially, since Xi has become dynamical. In the 
Ward identities, we must eliminate Xi, and then set pi — > 1. The elimination is done by 
multiplying the polynomial difference operators on the left, and adding and subtracting them 
— formally, this is elimination in a left ideal. Since we are gauging an abelian symmetry, the 
three-dimensional theory gains a "topological" flavor symmetry U(l)j, coupled to the gauged 
U(l)i by an FI term. The total effect of abelian gauging can then be reproduced in two steps. 
Before gauging, we first introduce a new symmetry £7(1) j coupled to the flavor U(l)i by a 
mixed Chern-Simons term, but not to the rest of the theory. This adds new line operators 
xj , pj obeying the Ward identity 

pj - £i ~ (fixed i) , (4.7) 

and shifts pi h-> x~j l pi. Then we gauge U(l)i as above, which tells us to eliminate Xi from 
the Ward identities and to set pi — > 1. The combined effect on the original operators is the 
transformation 

Xi^ pj, pi^ Xj 1 , (4.8) 

interchanging Wilson and 't Hooft lines. Indeed, this abelian gauging is equivalent to S- 
duality in a 4d abelian gauge theory for which the three-dimensional theory under discussion 
plays the role of a boundary condition. This is the setup discussed in Section 2.4, as well as 
[10, 15, 33]. 

The final operation is the addition of a gauge-invariant operator Oi to the superpotential 
to break a certain U(l)i flavor symmetry. The precise form of the operator is unimportant; 
it may well be a non-perturbative monopole operator, as used in class 1Z. However, it must 
have R-charge equal to two so that the U{1)r R-symmetry of the theory is preserved. Since 
the cigar partition function is invariant under superpotential deformations, the only effect of 
adding Oi is to fix the value of a corresponding mass parameter X{ — > 1. Consequently, the 
action on Ward identities is to first eliminate the shift pi and then to set Xi = 1. Again, 
elimination takes place in the left ideal. 

By iterating the moves we have just defined, we can construct the Lagrangian for any 
abelian N = 2 gauge theory, and simultaneously build its Ward identities. It is interesting 
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to note that all of the nontrivial complexity in the Ward identities arises from algebraic 
"elimination" steps, such as the elimination of pi induced by adding a superpotential. 

To generalize this program so as to allow for nonabelian gauge groups, we need only 
modify the gauging rule. Suppose we have a theory with U(l) r flavor symmetry that is 
enhanced to a simple nonabelian group G. (For this to be the case, the matter content of the 
theory must fill out complete multiplets of G, and the superpotential must be invariant.) We 
take T = U(l) r to be a maximal torus of G. Let x = (cci, ...,x r ) denote the mass parameters 
associated to this maximal torus (all other parameters are unaffected), and let A + denote the 
positive roots of G, in a basis corresponding to T. Then to perform a nonabelian gauging, we 
first conjugate all the Ward identities by n«eA+ i^^ V ~ x~^ v ) ■ This is the effect of including 
W-bosons in the theory. Afterwards we apply the rule above for gauging all the U(l)'s in T, 
i.e. we eliminate all X{ (i = 1, ...,r) from the Ward identities and set the conjugate pi — > 1. 
The validity of this prescription can be verified by looking at S% or S 2 x q S 1 partition functions. 

For example, to gauge an SU(2) flavor symmetry, we identify a single, fixed U(l)i cor- 
responding to the maximal torus. In a standard normalization of the root rj £ A+, = x. 
Thus we send 

\ \ — 

Pi ^ (xi - xj ^ = q' 1 - (4.9) 

Xi - x i 1 - q 2 xf 

in every Ward identity. Denominators of the form (1 — qxi) can subsequently be removed by 
multiplying on the left. Then Xi is eliminated completely and pi is set to 1. Unlike an abelian 
gauging (4.8), which preserves the rank of the flavor group, the nonabelian gauging reduces 
the number of flavor symmetries. 

The introduction of dynamical Chern-Simons terms k f Tr (AdA+ |^4 3 ) for a nonabelian 
gauge group simply involves ignoring the cubic A 3 part and treating Tr (AdA) as a sum 
of abelian Chern-Simons terms for a maximal torus of G. This is exactly how nonabelian 
Chern-Simons terms contribute to and S 2 x q S 1 partition functions — and more relevantly 
to the potential of an effective supersymmetric quantum mechanics as in Section 3 — so it 
must be the case that the action on Ward identities can be analyzed this way. The abelian 
Chern-Simons terms can be built up by moves of the form (4.6) on abelian flavor symmetries 
before doing a nonabelian gauging. 

4.2 Chern-Simons terms and theta functions 

We now have two ways of thinking about the block integral (4.1). By considering the reduction 
on D 2 x q S 1 to supersymmetric quantum mechanics, we expect each matter or gauge multiplet 
in the Lagrangian to contribute directly to the integrand, after which we integrate over twisted 
chirals as indicated. Alternatively, we can think of building up both the Lagrangian and the 
block integral for the theory by a sequence of elementary moves and transformations, as 
in Section 4.1. By starting with a product of blocks 13 a for a theory of free chirals, we 
can transform the mass parameters, multiply by appropriate functions for additional Chern- 
Simons levels, perform integrations corresponding to gauging, and fix parameters Xi — > 1 
when symmetries are broken. This allows us to construct the entire block integral by deriving 



-45 - 



the right transformation rules so that Ward identities are satisfied at every step. It will prove 
useful to keep both perspectives in mind. In either approach, we must find non-perturbative 
versions of various ingredients and transformations that lead to the desired analytic properties 
of blocks — such as being meromorphic functions in the gauge and flavor mass parameters 
both for \q\ < 1 and \q\ > 1. 

For the contribution of a chiral multiplet with background Chern-Simons level k = —1/2, 
the answer was already given in Section 2.5. Any Ta constituent of a larger theory will 
consequently contribute to the block integral a term given by 

n=0^ )n {Ur=o( l - 1 X ) \l\ > 1 • 

On the one hand, this has the right perturbative expansion (c/. (2.64)) to match the quantum- 
mechanics prediction (3.18); on the other, it satisfies the correct Ward identity p+x~ 1 — 1 ~ 0. 

Now let us consider the addition of a Chern-Simons term at level +1 to the theory, for 
some flavor symmetry with parameter x. (This could be a combination of gauge and flavor 
U(l)'s.) In the quantum-mechanics approach, we argued that this simply added a factor 

exp^rX 2 = exp^(log:r) 2 , (4.11) 

to the integrand. While the factor (4.11) does transform Ward identities the right way, by 
conjugating 

^ ( 6XP 2li X2 )^( eXP ~2h X2 ) =( 1~^ X ~ 1 P ( 412 ) 
(compare this with (4.6)), it is not meromorphic in either x or q. A simple mathematical 
solution is to replace the quadratic exponential (4.11) with a Jacobi theta function, 

ra 4* 2 - «kry <" 3 > 



where, as in (2.63), we define 

9(x;q) := (-q2x;q) 00 (-q2~x~ 



(4.14) 



It is easy to see that the theta function in (4.13) acts in the expected way on Ward identities, 
9(x; q)p9(x; q) -1 = q^^x^ lr p, but now also has the right analytic properties. In addition, the 
asymptotic behavior of the theta function, 



0(z;g)- lB 3°C7expf ^X l \ , (4.15) 

which terminates at 0{K) due to modularity, is correct to reproduce the perturbative Chern- 
Simons contribution to quantum-mechanics integral, up to a small correction by the factor 



1 
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C = exp ir(^ — ^f-) • The correction term is the same as the one discussed in Sections 
2. 5-2. 6. 1 One way to motivate the replacement (4.13) is to sum all images of the quadratic 
exponential (4.11) under the transformation X — > X + 27ri, thus enforcing periodicity. Then 
SneZ ex P Wi(X + 27rm) 2 ~ 9(x; q)' 1 follows from a modular transformation. 

We encountered the theta-function above in Section 2.5. There we saw that in order 
to properly identify the free-chiral block B^(x;q) with a BPS index, it was important to 
compute the BPS index in the infrared, and to include a contribution from effective Chern- 
Simons terms induced by massive fermions. This contribution had to take the form of a theta 
function in order for the index of the chiral to be a continuous function in the mass parameter 
x. 

We can offer yet another (related) physical derivation of the replacement (4.13) as a 
consistency condition for holomorphic blocks. Consider a copy of Ta whose free chiral mul- 
tiplet transforms with charge +1 under a 17(1) flavor symmetry with parameter x, and shift 
the R-symmetry so that the chiral has R-charge 1. The block of the resulting theory T A is 
B\(x; q) = (— qzx~ l ; q)oo- Then let us form a theory Tcs made of two copies of T A , together 
with a superpotential coupling 

W = (4.16) 

between the two chirals 4>\ and <f>2- The superpotential coupling preserves U(1)r because the 
product </>i</>2 has R=2. Moreover, the coupling breaks one of the flavor symmetries, with (pi 
and (j>2 having opposite charges (+1, —1) under a single unbroken U{\). Therefore, the block 
for the combined theory Tcs is just 

B C ${x; q) = B l A {x; q)B 1 A (x~ 1 ;q) = (-q^x" 1 ; q) 00 (-q^x; q)^ = 9(x; q) . (4.17) 

By scaling the coefficient of the superpotential (4.16), we can give both <pi and 4>2 an 
arbitrarily large mass, and integrate them out. The block is insensitive to F-terms. Inte- 
grating out the fermions in the chiral multiplets leads to shifts of the Chern-Simons level for 
the unbroken ?7(1), but the shifts are in opposite directions for §\ and </>2, and cancel out. 
Nevertheless, an overall Chern-Simons level k = —1 is left over from the initial definitions of 
the theories T^. We are ultimately led to associate the block (4.17) to the theory of a pure 
background Chern-Simons term at level —1. (An analogous argument at level +1 would have 
led to an inverse theta function as in (4.13).) 

This derivation of the contribution of background Chern-Simons terms serves to illustrate 
an important ambiguity in our prescription. In order to generate a background Chern-Simons 
term at level k = 4, we could consider the theory of two chirals described by with charges 
(+2, —2); or four pairs of chirals described by Tl with charges (+1, —1)- These two situations 
lead to two different replacement rules for the associated gaussian term, 

exp^-X 2 ~» 8(x 2 ;q) or 0{x\ qf . (4.18) 

17 If desired, the correction can be partially absorbed by rescaling 0(x\q) — ¥ (q) oo 0(x;q), with (q)oo as in 
(2.61), noting that (q) x h ~° (2|i)i/2 e W 4 C when \q\ < 1 and (g)^ '~° ( ^-) 1/2 e™ /4 C when jgj > 1. 
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Either one of these is a reasonable non-perturbative completion of the quadratic exponential. 
The Ward identities satisfied by the two theta functions are identical, and the asymptotics 
only differ by a power of C, i.e. an R-R contact term. 

Extrapolating from these simple examples, we can describe a general prescription for 
Chern-Simons levels. Suppose we have an N x N Chern-Simons level matrix kij, coupling 
either gauge or flavor symmetries, as well as a vector <jj of levels for mixed Chern-Simons 
terms between gauge or flavor symmetries and the R-symmetry. We would like to represent 
this as a finite product 

^p^E^^ + ^E^C^ + i)] - I[o{(-<i*) bt x at ->q) nt > ( 4 - 19 ) 

i,j i t 

where bt and nt are integers and at are (column) vectors of N integers, such that 

^2 n t a t(o-t) T = —k , y~] n t b t at = -a ■ (4.20) 
t t 

The conditions (4.20) are a consequence of requiring that the two sides of (4.19) satisfy the 
same Ward identities. The same conditions ensure that they have the correct asymptotic 
expansion as H — >• 0. The product (4.19) also encodes an R-R Chern Simons coupling at level 
^rr = 'Ylt n tb't-i as well as corrections corresponding to the factor C in (4.15). As usual, we 
work modulo such "constant" terms. 

There are infinitely many ways to choose a finite product (4.19) satisfying (4.20). They 
correspond to different ways of "resolving" Chern-Simons terms via pairs of massive chirals. 
The physical significance of this for partition functions on D 2 x q S 1 remains unclear, and could 
benefit from further investigation. In this paper we will treat the choice of non-perturbative 
resolution as an ambiguity in the block integral. Note that two different choices of theta 
functions on the RHS of (4.19) are related by a factor c(x;q) = Y\ t 0((— (p) 6 ^"*; q) Ut where 
^2 t n' t a' t (a' t ) T = and n' t b' t a' t = . This is exactly the kind of elliptic function ambiguity 
discussed in Section 2.6. Recall that such a factor c(x; q) is not only invisible to the Ward 
identities (since pc(x; q) = c(x; q)), but becomes trivial upon fusion, satisfying \\c(x, q)\\ s = 1 

II II 2 

(modulo powers of C) and \\c(x, q)\\ id = 1 • 
4.3 The integrand 

We have now compiled all the ingredients necessary to construct the integrand for the block 
integral (4.1). Combining the observations of the previous two sections leads to the following 
rules. 

Let us consider any M = 2 gauge theory with U(1)r R-symmetry. Choose a maximal 
torus U(1) N for the flavor symmetry group, with associated mass parameters x% G C*, i = 
1,...,N. Also choose a maximal torus U(l) r for the gauge group, and denote its "mass 
parameters" (i.e. complexified gauge scalars) Sj G C*, i = N + 1, N + r. As a preliminary 
step, let 2\ * denote the free-chiral theory Ta from Section 2.5, where the R-charge of the 
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(scalar in the) chiral multiplet has been shifted to be R^. Explicitly, 
free chiral d> 







F 


+1 


R 


R<t> 



CS matrix: F 
R 



F 



R 



5 (1 - R 4 



(1 - R*) 
(i-i? ) 2 . 



(4.21) 



The contribution of this free chiral constituent of the theory is the block 

B^\y;q) = ((- 



(4.22) 



where y is the mass parameter of the flavor symmetry. Then we apply the following rules for 
translating the content of the gauge theory into a block integrand. 

Chiral matter 

R 

Group every chiral multiplet eft into a copy of the theory , where R^ is its R-charge. In 
other words, attach a set of Chern-Simons couplings as in (4.21) to this chiral, and compensate 

R 

for these couplings (if needed) elsewhere in the Lagrangian. For every such copy of T» , add 
a factor 

(4.23) 



<^;g) = ((-^) 2 -*V;<0oo> 



rriR(p 

A 



to the integrand, where y^ is the complexified mass of the chiral, a product of x's and s's 
corresponding to the £7(1) 's under which it transforms. The grouping of chirals into theories 
ensures that we never encounter anomalous gauge or flavor symmetries. 

Chern-Simons terms 

After removing the copies of Ta, we are left with an (JV + r) x (JV + r) integer matrix ky of 
levels for (additional) abelianized Chern-Simons couplings. Both gauge and flavor symmetries 
are included on the same footing in this matrix. We also have an (A r + r)-dimensional vector a 
of mixed Chern-Simons couplings between gauge or flavor symmetries and the R-symmetry. 
Choose a product of theta functions to represent these Chern-Simons terms, as in (4.19). 
Namely, introduce a finite product 



CS[fc, a- x, s, q] = J] 0{(-q^ bt x at ; , 



where bt and fit are integers and at are column vectors of N + r integers such that 



E 

t 



n t a t {a t ) J 



-k. 



^ ntb t a t 



-a . 



(4.24) 



(4.25) 



R-R contact terms could also be matched, as discussed above. For example, a Chern-Simons 
coupling for parameter x at level +1 becomes 6(x;q)~ 1 . An FI term that mixes a gauge 
symmetry with parameter s and a topological flavor symmetry with parameter x is represented 
as 

FI: g(x;g)g(s;g) . (4.26) 



9(xs;q) 



- 49 - 



Such FI terms should be present for all abelian gauge groups (unless the topological flavor 
symmetries are broken by superpotentials). 



Nonabelian gauge symmetries 

For every simple nonabelian factor G (of rank r') in the gauge group, identify the subgroup 
T ~ U(l) r ' C U(l) r corresponding to its maximal torus. Suppose that sq = (si, ...,v) are 
the parameters corresponding to T, and let A + be the set of positive roots corresponding to 
this maximal torus. Then add a factor 

»■«]= n ( ,,,.') ( t.^-,) (4 - 27) 

to the block integrand. For example, when G = SU(2), this looks like 

gauged,; ,, sl = spi ^ 3 _ 5 _. (4.28) 

Since parameters so that are related by a W(G) Weyl group action are equivalent, the domain 
of integration for the block integral (i.e. the domain in which we will define convergent cycles) 
must also be quotiented by W(G). When eventually choosing integration cycles T a , the 
integral along a cycle that crosses / Weyl-group images of a certain critical point should 
come with an extra symmetry factor 1/f- 

The perturbative contribution we must reproduce is Hr;eA + ( s g' ? — S G^ V )' comrn g horn 
W-bosons. We know this has roughly the right form by looking at S? or S 2 XgS 1 partition 
functions, or the action on Ward identities, cf. (4.9) — or even more directly, by considering 
the perturbative contribution to an effective quantum mechanics, as in [66]. However, this 
expected contribution is not generally meromorphic in sq- To fix it, we write 



h_ -I- _ 

s g s g ~ s g v x °g; "°G / n \ / -n 

I n o ' • n l I n c '• 



l)=*G r ' :\\ G -J ; , (4-29) 



(qsJ ? ;q)oo{qs G L ,q) 



and use the theta-function trick from Section 4.2 to replace s G 2 with the meromorphic 
function 0(s G ;q)/6(—q2s G ;q), which has the same perturbative expansion and difference 
equation. Then (4.27) results. 

Synthesis 

Putting together the three contributions above we obtain the integrand of (4.1). The final 
step is to integrate over the r parameters Si £ C*. We then obtain 



^— Y[ gauge [G;s,q] x CS[k, a; x, s, q] x JJ [y<j,(x, s); q) 
ms G 6 



(4.30) 



Superpotential couplings play almost no role — they break the flavor symmetry of a theory 
and simply restrict (implicitly) the parameters appearing in the integrand. Notice that the 
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integrand, just like the expected blocks, is defined both for \q\ < 1 and \q\ > 1, with no 
analytic continuation between the regimes. We predict that after performing the integration 
on a suitable basis of convergent contours T a C (C*) r this integral will generate blocks that 
satisfy the five properties outlined in the introduction to this section. 

For example, it is almost true by construction that integrals along convergent contours 
r° must satisfy the Ward identities. Although we have given an all-at-once prescription 
for building (4.30), we could also have assembled it using iterated elementary moves as in 
Section 4.1: forming a product of blocks, redefining flavor symmetries and shifting R- 
symmetries, adding Chern-Simons levels, adding nonabelian gauge contributions, gauging by 
doing integrals, etc. At each step, the expected Ward identities are obeyed. 

Going through this carefully amounts to a proof that the integral (4.30) is annihilated 
by the correct difference operators for the theory, modulo one important subtlety. We need 
integration J ^ over some gauge variable to have the effect of eliminating a corresponding 
operator from the difference equations and trivializing the conjugate shift pi — >■ 1. This is 
only true so long as the integration contours F a used to evaluate (4.30) are invariant under 
^-shifts. That is, if we move an entire contour F a (multiplicatively) by an amount q, we must 
be able to deform it smoothly back to its original position. This implies that contours must 
either be closed or end asymptotically at or oo in each copy of C* in Ai. Moreover, contours 
must stay at least a distance q away from all poles of the integrand. These conditions will 
play a prominent role when choosing the proper r a . 

Let us also comment on the uniqueness of (4.30). The integrand of the block integral 
(4.30) has the same ambiguity discussed in Section 2.6 and at the end of Section 4.2: it can 
be multiplied by an elliptic ratio of theta functions, of the form (4.19), with ^2 t ntat(at) T = 
^2 t ritbtat = (the ellipticity condition). This ambiguity is inherited from both the choice 
of Chern-Simons contribution (4.24) and the choice of nonabelian gauge contribution (4.27). 
It might be fixed with further physical input, as indicated in Section 4.2. We will just treat 
it as a mathematical ambiguity. Since the arguments of the theta functions involve both x 
and s variables, it is not completely clear that upon evaluating (4.30) on a mid-dimensional 
contour T C (C*) r , the ambiguity in the answer will only be an elliptic ratio of theta functions. 
Nevertheless, it does turn out to be so in examples, and we expect that this will be the case 
in general. 

In one case, it is possible to prove that the ambiguity of the integrand can be promoted di- 
rectly to the evaluated integral: when the integral along T a is evaluated by summing residues. 
Since the entire integrand is formed from (z; q)oo functions, its poles typically come in in- 
finite families with spacing q, for example at (so, QSo, q 2 so, q 3 so, ...). As long as this is the 
case, a factor c(s, x; q) in the integrand consisting of an elliptic ratio of theta functions just 
contributes the same constant to each residue, since (e.g.) 

c(s , x; q) = c(qs , x; q) = c(q 2 s , x; q) = c(q 3 s , x; q) = ... . (4.31) 

This factor then passes outside the integral as (e.g.) c(s$, x; q), which is still an elliptic ratio 
of theta-functions. 
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In practice, it is convenient after building the block integrand (4.30) to multiply by an 
elliptic ratio of the theta functions to reduce the number (and complexity) of theta functions 
making an appearance. For example, we can substitute 6(z; q) 4 -w 8(z 2 ; q), 8(y; q) 2 9(z; q) 2 -w 
6(yz;q)6(y/z;q), 6(z;q)8((-q^) a z;q)/6((-qh) b Z ;q) ~» 6((-q^) a - b z; q), etc. We will make 
use of such simplifications in the examples below. 

4.3.1 Fusion commutes with integration 

When computed by supersymmetric localization, both the ellipsoid partition function and the 
sphere index reduce to integrals that are superficially analogous to the block integral (4.30). 
In fact, if we denote the integrand of (4.30) as T(s, x;q), then we see that 

Z b (X;k)= [ dS\\T(s,x;q)\\ 2 = [ dS T(s, x; q)T(s, x; q) , (4.32) 

where s = expS", s = exp 2 W L S, etc., and the integration is done on a fixed, canonical cycle: 
the real slice M. n C C n . Similarly, the index can be written as 

J(m,C;g)=££ 1)r ^l T ( s >^C = E L 1)r ^ T ^) T ^5)> ( 433 ) 

n n -I 

with the "identity fusion" conjugation on the parameters, and s = q? a, s = q^a~ . Now the 
integration is done on r copies of the unit circle in (C*) r , another fixed, canonical cycle. 

In both expression for || Y(s, x; q) || 2 , the ambiguity related to the choice of theta functions 
completely disappears, modulo the factors of C = exp (h+ft)] for S- fusion. In particular, 
note that 

\\9[(-q^ b x a ; q) \\l = i#C* exp [ - ^ ((a • X) 2 + (in + |)6(a • X))] , (4.34) 



'((-^)V;g)|;. = (-^)-M6 r M«, (4.35) 



while 

so the RHS only depends on the the quantities aa T and ba, and is independent of the precise 
choice of theta functions on the LHS. These are the correct contributions of (e.g.) Chern- 
Simons terms to the ellipsoid partition function and index, respectively. (Here 'x' could 
denote both gauge and flavor parameters.) 

Our main conjecture amounts to the statement that if we evaluate the block integral on 
appropriate integration cycles T° to find holomorphic blocks, 

B a (x;q)= [ ^T(x,s;q), (4.36) 

then the ellipsoid partition function and index are sums of products of blocks, 

Z b (X; h) = \\B(x; q)\\ 2 s := £ \\B a (x; g)g , X(m, C; q) = \\B(x; q)f id := £ q)f id . 
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Putting this together with (4.32) and (4.33) yields a rather beautiful result: 



dS ||T(s, x; 



1 2 

Is 



E 



2iris 



T(x, s; i 



(4.37) 



E 



(5i)' 



da 
2iria 



T(s, x; i 



|2 
I id 



E 



ds 
2iris 



T(x,s;q) 



(4.38) 



In other words, fusion commutes with integration! 

Mathematically, identities of a similar flavor to the Riemann bilinear relations which 
describe period integrals on Kahler manifolds. Indeed, factorization via Riemann bilinear 
relations played an important role recently in describing the analytic continuation of com- 
plex Chern-Simons theory [16], as well as in the two-dimensional version of topological/anti- 
topological fusion [13]. In (4.37)— (4.38), there is a notable deviation from the usual picture in 
that the left hand side is an integral over a contour of the same dimension as the individual 
blocks on the right hand side. Nonetheless, the similarity is suggestive. 

4.4 Examples 

In this section we consider several simple, illustrative examples of block integrals. We look 
at three gauge theories with gauge groups of rank one, so that the corresponding block 
integral is one-dimensional. These theories all possess a unique vacuum on IR 2 x S 1 , and 
have only one holomorphic block. The convergent integration cycles for the single block 
are essentially unique and are easy to identify. In addition, each theory is dual by three- 
dimensional mirror symmetry to a second theory that consists only of free chirals or free chirals 
with a superpotential. This allows us to check explicitly that the block integral gives a sensible 
answer. Since factorization for theories of chirals without gauge interactions is essentially 
automatic, successfully matching the blocks of the mirror for these theories amounts to a 
verification of our main conjecture. 

These examples will demonstrate one of the most important and surprising properties 
of the block integrals. Since the integrand of the block integral (4.30) is built entirely from 
functions f z] ([)oo (defined in (2.57)), it represents two different analytic functions, one for 
\q\ < 1 and one for \q\ > 1. In each regime we choose an appropriate convergent contour 
r< and r>, allowing us to calculate blocks both at \q\ < 1 and \q\ > 1. We then find 
that the expressions for the integrated blocks in the two regimes are related by sharing a q- 
hypergeometric series expansion, verifying property (3) from the introduction to this section. 
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4.4.1 The free vortex 

The first theory is mirror to the tetrahedron theory Ta (2.51). It is summarized as follows: 
' U(l) gauge theory (gauge scalar s), coupled to a chiral <f>; 



x. 



charges: 
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(4.39) 



Here G denotes the gauge symmetry, F the topological U(l)j symmetry, and R the R- 
symmetry. This is the supersymmetric generalization of the abelian Higgs model. At low 
energies, it is simply the theory of free supersymmetric vortices, created by the monopole 
operator v — the "magnetic" dual of the chiral in Ta- In [15], the theory T' A was denoted 
a ST o Ta, corresponding geometrically to a tetrahedron that has been rotated through an 
angle of 27r/3. 

The rules of the previous section dictate that the block integral for this theory is given 

by 

ds 9(—q~2x;q) 



%' A (x;q) 



2nis 



BA(s;q) 



(4.40) 



9(—q 2sx;q) 

with B A (s;q) = (qs~ l ; q)oo, and the theta functions encode the Chern-Simons couplings, 
including the FI term that couples the topological and gauge symmetries. 

Let us denote by the integrand of (4.40) by T»(s, x;q). For small h, it has the leading 
perturbative expansion 



T' A ( 



s, x: i 



n-to 1 
~ exp 



h 



l (log (_ x)) 2 + l (log( _ sx))2 + Li2(s -l ; 



exp -W(x, s) 



(4.41) 



where W(x, s) is the superpotential for the associated SQM in Section 3. 18 This superpotential 
has a unique critical point at sW(x) = 1 — x -1 which represents the unique vacuum of the 
theory T^. After substituting this solution into Equation (3.13), we find the supersymmetric 
parameter space, written in terms of p = exp(x dW/dx), to be given by p = 1 — The 
Ward identity for the theory is the quantization of this constraint equation, 



p + x 



1 ~ 0. 



(4.42) 



This is the same as the Ward identity for the mirror theory T A . One can then check that the 
operator (4.42) formally annihilates the integral (4.40) so long as the contour of integration 
is invariant under shifts by H. 

18 In Section 3 we were careful in distinguishing various superpotentials and their scalings in Id and 2d. 
Here we are less careful. The potential denoted W/h here equals — iW c:tM from Equation (3.9), and also 
equals Wn{s,m, h = 0)/h from (3.18). The variables X and S are the scaled versions of m and a there, with 
period 2-ni. 
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Figure 8. The potential Re(W{x, s)/K) (left) and log |T' A | (right) at fixed x = e~ 1+ i 7,1 and h = -tt/5. 
The lm.S direction is periodic. We have indicated the classical critical point and the cycle T<. 

Let us now consider the structure of the integral (4.40). We first take h real and negative 
(so q is real and inside the unit circle). The potential Re[^W(x, s)) is depicted on the left 
of Figure 8. On the right, we show the fully quantum-corrected integrand log \T(x, s; q)\. 
These plots appear as functions of the periodic variable S = logs at fixed X = logx. The 
integrand has a full line of poles at s = q n x~ 1 (S = —X + nh), n £ Z, coming from the 
function 6(—q~2sx;q) (the FI term). There is also a half-line of zeroes at s = q n (S = nh), 
n > 0, associated with the chiral matter contribution B^s-jx) = (qs -1 ; q)oo- These families 
of zeroes and poles coalesce into branch cuts of W in the h — > limit. 

An integration cycle T < is also shown in the figure. It is determined uniquely by the 
requirements that 1) it is nontrivial; 2) the integral along T < converges; and 3) the cycle 
is invariant under (/-shifts. The cycle T < can be seen to match the downward gradient flow 
cycle for W(s,x) in the neighborhood of the saddle point, but away from the saddle point 
it is extended towards S = ±oo. Invariance under g-shifts implies that it cannot end at any 
finite zeroes of the integrand — even if a naive downward flow would terminate there — and 
cannot cross the line of poles. Thus, it can only tend asymptotically to infinity. 

Numerical integration along T< produces 

B' A (x;q) = ^ / ^ ^~ q ^ 2X]q) B A (s;q) = foWfcfoff) , < 1) • (4-43) 

H J r< 27ris e(-q-2 SX ;q) 

Thus we recover the block of 7a up to a normalization factor ^{q)oo, which is of the type 
discussed around (2.61) as being related to R-R contact terms. 

Alternatively, we can consider h real and positive (\q\ > 1), and the analysis must be re- 
peated. The theta function 9( y — q~2sx; now contributes a line of zeroes to the integrand, 
whereas the chiral block B/\(s;q) contributes a half-line of poles. Moreover, there are now 
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Figure 9. Plots of the quantum-corrected potential log|T^| at H = 7r/5, for x — e 1+ 4™ and 
x = e 2+ i ni . 

two regimes to consider for the parameter x, \x\ < 1 and |x| > 1. The integrand is plotted in 
Figure 9. 

When \x\ < 1, the downward- flow cycle in a neighborhood of the critical point is naturally 
extended to a closed cycle T> that is invariant under q-shifts. There is no problem crossing 
the line of zeroes. When > 1, it is more natural to extend T> in the negative S direction, 
so that it encloses the half-line of poles. These two possibilities are completely equivalent, 
and topologically the choice of convergent shift-invariant cycle is again unique. The integral 
can then be evaluated exactly, either by taking the zeroth Fourier coefficient in z (for |x| < 1) 
or by summing residues of the enclosed poles at s = q~ n , n G 7L (for \x\ > 1). The results 
agree, giving 

B' A (x;q) = [ - 6i ;- q ~! X]q) B A {s;q) = {q^B^x-q) , (\q\ > 1). (4.44) 
JFy s 6(—q 2 S x;q) 

Again, we reproduce the block B/\(x; q) = (qx~ l ; q)^ of Ta, but now in the opposite regime. 

The method of summing residues at \q\ > 1 has an interesting physical interpretation: 
each pole in s at s = q~ n , n > corresponds to vortex particles of charge n. Taking their 
residues builds up the block B' A (x; q), thought of as a BPS index. The authors of [85] recently 
utilized such an interpretation of residues to understand 4d indices in the presence of surface 
operators, which are the 4d lift of vortices. 

4.4.2 SQED and XYZ 

Our second simple example involves another mirror pair of theories, Nf = 1 SQED and the 
XYZ model. Mirror symmetry between these theories, discovered in [61], was related to "2-3 
moves" for glued tetrahedra in [15]. 
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The XYZ model is a theory of three J\f = 2 chiral multiplets coupled by a cubic super- 
potential. The superpotential preserves a U(1)r R-symmetry and a U(l) 2 flavor symmetry. 
The theory is summarized as follows: 



Txyz '■ < 



Chirals (f>i,(f>2,<f>3, superpotential W = 4>i4>24>3i 
t/(l) 2 flavor symmetry with parameters x, y; 



charges : 
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(4.45) 



where X and Y denote the two flavor symmetries preserved by the superpotential. Note that 
the R-charges of the chirals are chosen so that the superpotential has R(W) = 2. 

For generic mass parameters x, y, there is a unique vacuum in which the chirals are set 
to zero. The block is very easy to write down: 



BxYz(x,y;q) 



B A (x;q)B A (y;q)B A (qx 1 y 1 ;q) (qx 1 ;q) 00 {qy 1 ;q) 00 {xy;q) c 



-q 2 xy; 



9{-q zxy;q) 



(4.46) 



This factorizes the ellipsoid and index partition functions of the XYZ model in an obvious 
fashion. We would like to see that it is reproduced by the block integral of the mirror gauge 
theory. 

The mirror, Nf = 1 SQED, can be defined as 

' U(l) gauge theory, two chirals (pi,(p2\ 
U(l) flavor symmetry (parameter x); 
U(l)j topological flavor symmetry (parameter y); 
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(4.47) 



The axial symmetry is denoted X and the topological symmetry Y. This theory has a gauge- 
invariant meson operator (pnf2 as wen as t wo monopole operators v+,V—, whose charges 
we have indicated; they respectively match the three chiral operators </>i,<^2>03 of the XYZ 
model. The block integral for SQED, derived via the prescription of Section 4.3, is 



ds 6{-q 



~ 2 y;< 



B A (s;q)B A (xs 1 ; 



2ms 0(-q-2sy) 

Let us call the integrand Tsqed(^, y, s; q). Its asymptotic growth at small H is given by 



(4.48) 



^SQET>(x,y,s;q) ~ exp 



■^(log(-y) 2 + l(log(- S y)) 2 + U 2 (s- 1 ) + Li 2 ( 



x 1 s) 



(4.49) 
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Figure 10. The potential log |Tsqed| at H = +1, x = exp(2 + ^f 1 ), and three different values (left to 
right) y — exp(— 2 + ^p), y = exp(— | + ^p-), and y — exp(2 + ^f 2 -). Critical points and integration 
cycles are shown. 



The unique critical point of the effective superpotential is at s^'= (y — x~ 1 )/(y — 1), corre- 
sponding to the unique vacuum of SQED. 

When h is real and positive, the quantum-corrected potential log |T| at finite q is shown 
in Figure 10. Again, we use the periodic, logarithmic variable S = logs in the figures. The 
two chiral multiplets of opposite gauge charge produce two half-lines of poles in the integrand, 
extended in opposite directions. The theta function that encodes the FI term produces a full 
line of zeroes. There is a unique integration cycle T> that is both convergent and invariant 
under g-shifts. Just as in the previous example of the free vortex theory T' A , it is natural 
to draw the contour in different ways depending on the relative values of x and y; but in 
each case the resulting integration yields the same answer. By summing residues (of either 
half-line of poles!) or by taking Fourier coefficients, we find 




^SQEB(x,y,s;q) = (q ^jBxYzix^-^q) (\q\ > 1) . (4.50) 




_J e 5 -5 fl 

RcS ReS ReS 



Figure 11. The potential log |Tsqed| at K = — 1, x — exp(2 + ^p), and three different values (left 
to right) y = cxp(— 5 + np)j y — exp(— 1 + Tp), and y — exp(l + Tp). Critical points and natural 
integration cycles are shown. 
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If instead h is real and negative, then poles and zeroes are reversed, and the unique inte- 
gration cycle r< is displayed in Figure 11. Integration along T < is demonstrably convergent 
when 1 < 1 2/ 1 1 ^5 \x\, as in the center of Figure 11. Otherwise, the cycle must be extended 
along the half- lines of zeroes, which would need to be regularized to produce a convergent 
answer. In the regime where convergence is apparent, we have verified numerically that 

Sttz f ds 

^SQED{x,y,s;q) = (q) 00 B X Yz{x,y,q) (\q\ < 1) . 



/, 



2ttis 



(4.51) 



Therefore, -E>sqed = -Bxyz in both regimes, with exactly the same kind of normalization 
factors that appeared in the previous example. 

This example is not entirely independent of the previous one. Indeed, if we send the axial 
mass x to infinity, SQED reduces to the theory of a free vortex, while the XYZ model 
reduces to the theory Ta of a free chiral. This scaling can be performed directly at the level 
blocks by noting (for example) that B(x;q) = (qx~ ,q)oo — > 1 as \x\ 



oo. 



4.4.3 The SU(2) appetizer 

Our final rank-one example is a nonabelian gauge theory that appeared in [86] in the context 
of F-maximization. Let us define the "appetizer theory" as 
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Here we have identified a maximal torus U(l) C SU(2), and written charges and effective 
Chern-Simons levels in terms of this abelianized gauge symmetry, denoted by G. We have split 
the adjoint chiral into its three components. It was conjectured in [86] that T app flows to the 
theory of a free chiral in the infrared. We have chosen the flavor symmetry and background 
Chern-Simons terms here so that it flows precisely to a copy of Ta normalized so that the 
chiral has charge +2 under the U(l) flavor symmetry. 

The block integral of T^pp can be constructed following the rules of Section 4.3: 



"app 



(x;q) 



ds B^(x;q)BA(s 2 x;q)BA(s 2 x;q) 
2ms 0(s;q) 2 (qs 2 ;q) oo (qs- 2 ;q) oo 



(4.53) 



We denote the integrand T app (x , s; q) . The integrand is symmetric under the Weyl-group 
action s — > In terms of the logarithmic variable S = logs, a fundamental domain for the 
Weyl group is given by the strip < Im5 < it, with an identification 



S 5 (SGl), (4.54) 

S~2iri-S (SeR + in), (4.55) 
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Figure 12. Plots of log |T app (a;, s; q)\ in a fundamental domain, at h = 2 and two typical values of 
the flavor parameter x — ie 2 (left) and x = ie~ 2 (right). That the two segments of T> crossing the 
fundamental domain do not cancel, but rather add constructively, due to the Z 2 orbifolding at the 
boundaries of the strip. The cycles are deformed slightly to illustrate the doubling. 

at the strip's two boundaries. The classical potential in the h — > limit is 

T app (x, s; q) ~ exp — [2 log(x) 2 + log(-s 2 ) 2 + Li 2 (aT 1 ) + Liafa-V 2 ) + Li 2 (zrV)] , 

up to a constant, and has a unique critical point in the fundamental domain, corresponding 
to a solution of s + = 1 + x . 

The integrand for \q\ > 1 (with H real) is shown in Figure 12. The chirals <f>± that are 
charged under the U(l) in the gauge group contribute half-lines of poles, while the gauge 
and Chern-Simons factors contribute a half- line of zeroes (of which some are doubled). Note 
that the spacing of poles and zeroes is now by multiples of H/2 rather than h. At any value 
of x there is one convergent cycle T>, which forms a closed loop that winds twice around 
the fundamental domain. Integration along it just picks out the s° Fourier coefficient of the 
integrand, and with some work we find that 

\ ( _ 2 , j-^k -2^2 / 9 ^T app (^,s; (? ) = J B A (x 2 ;g), (\q\ > 1) . (4.56) 
2 (q 2 )oo(-q ,q 2 )So Jr> 2™ 

The numerical prefactor 1/2 appears come from the number of times the cycle T> meets 
images of the critical point. 

For \q\ < 1 and h real, the integrand is shown in Figure 13. Again there is a unique 
convergent cycle T< in the fundamental domain, at all values of x. Numerical integration 
along r< indicates that 

(const)— —T app (x,s;q) = B A (x 2 ;q) , (\q\ < 1) (4.57) 
for a certain g-dependent constant — presumably a \q\ < 1 version of the prefactor in (4.56). 
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Figure 13. Plot of log |T app (x, s; q)\ in a fundamental domain, at H = —2 and x = ie 2 . 
4.5 Defining contours 

Having understood block integrals for a number of simple examples, we now address the more 
involved problem of identifying integration cycles T a for a theory with multiple vacua a. We 
will first make some observations about the problem in general, and then demonstrate these 
ideas in the context of the CP 1 model in the next section. 

For motivation and review, let us recall the simpler case of an integral of the form 

f dST(X,S;h), (4.58) 
JrcM 

where Ai ~ C' r and T(X, S; K) is a nonvanishing holomorphic function of S £ C r that depends 
on additional complex parameters X and h. For example, one case that makes frequent 
appearances in physics is T(X, S; h) = exp \ f{X, S), with f(X, S) a holomorphic function on 
C r . This problem can be considered within the framework of Lefschetz theory, 19 which tells 
us (in part) that there exists a basis {T a } of middle-dimensional integration cycles such that 
the integral (4.58) for any cycle T on which it converges can be written as an integer linear 
combination of integrals over the basis contours T a . Since the only non-trivial integrals will 
be over non-compact contours, the cycles T a form a basis for the relative homology group 

H r (M,M A ;Z), (4.59) 

where A4a = \S G A4 | log |T(X, S; h)\ < A}, for A sufficiently large and negative. The 
subset M\ here essentially captures the directions in Ai to which convergent integration 
may asymptote. 

The set Ma depends on the parameters (X, h), although the rank of the homology group 
(4.59) should not. For any fixed X and h such that T(X, S; h) has isolated and nondegenerate 

19 See, for example, [16, 17, 32, 87, 88] for applications and discussions of Lefschetz theory in physical 
contexts. 
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critical points S^ a \ a distinguished basis of cycles T a can be associated to those critical points. 
This is done by defining T a to be the set of all points that can be reached by downward gradient 
flow from S( a \ with respect to the potential log |T(A, S; h)\ (and the standard Kahler metric 
on C r ). The argument of T is constant along such flows, so the flow starting at one critical 
point S^ ai ^ can hit another critical point S^ 2 ) if and only if 

argT(X,5( ai ^) = arg T(X, S^; H) , (4.60) 

and log |T(A, S^ ai '; K)\ > log |T(X, S^ a2 ^; h)\. The condition (4.60) defines real-co dimension- 
one Stokes walls in parameter space. For generic parameters (X,h), one is far away from 
these walls, so flows continue indefinitely and all critical-point cycles T a are well defined. On 
the other hand, if parameters (X, K) are varied continuously across a Stokes wall, then the 
natural critical-point basis is shifted, 20 

(4.61) 

where the sign depends on the relative orientation of the cycles. Two different Stokes walls can 
intersect on a real-codimension-two locus in (X, K) space. This is a locus where critical points 
become degenerate. In general, the Stokes walls (4.60) emanate out from such degenerate 
loci. Motion in a closed loop around a degenerate locus induces a monodromy that may 
permute the integration cycles T a . 

Unfortunately, the block integrals are not of the form (4.58). This is a consequence of the 
general construction of block integrals, and is particularly clear in the examples of Section 4.4. 
One mild difference is that the domain of integration for the block integrals is Ai = (C/2iriZ) r , 
or a Weyl-group quotient thereof, rather than C r . (In exponentiated variables, we would say 
Ai — (C*) r .) This simply introduces the possibility of closed homology cycles that encircle 
the non-trivial one-cycles in Ai. More importantly, the integrand T(x, s; q), has infinite lines 
of poles and zeroes, and we have argued that a good integration cycle should never cross the 
lines of poles. The presence of such a meromorphic integrand makes things more complicated. 
We will approach this problem in two ways. The first is more intuitive and proves sufficient to 
compute blocks in all examples encountered here, while the second is somewhat more rigorous 
(but perhaps slightly less intuitive). 

Approximate cycles from quantum mechanics 

A lesson we drew from the construction of blocks in supersymmetric quantum mechanics is 
that there should exist an exact potential W exa _ c t(x, s; q) whose only critical points correspond 
to true vacua of the theory, which generates gradient flows that serve as exact block cycles 

20 More generally, the jump is by a multiple of the intersection number between the upward flow from S^" 2 ^ 
and the downward flow from S^ ai ' . This played an important role in [32]. However, an intersection number 
greater than one does not occur in the simple case of cycles on C , and will not occur in any of the examples 
studied in this paper. 
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r . While we have not determined this exact potential, we know that perturbatively, at 
leading order in H, it should match W(X, S)/h as defined in (3.9). (Here, as elsewhere 



to approximate the integration cycles by gradient flow contours of W(X, S)/h while keeping 
track of the exact, nonperturbative integrand T(s,x;q). The asymptotic behavior of the 
integrand is given at leading order by 



which agrees with the perturbative potential, particularly around critical points of VF(X, S). 

Away from the critical points, we will have to deform the contours by hand in order 
to make them consistent for block integrals. Notice that as we take h — )■ along a ray of 
constant phase, the half-lines of zeroes and poles of T coalesce into distinguished branch cuts 
for W(X, S). As we saw in the examples of Section 4.4, these distinguished branch cuts are 
all parallel and have slope argh. 21 While the true gradient-flow cycles of ^W(X, S) may hit 
branch cuts (and indeed, as we discussed in Section 3, the quantum mechanical path integral 
may allow the flow line to cross the branch cuts) , crossing a line of poles is disallowed from the 
perspective of solving line-operator Ward identities, so we will have to deform the contours 
away from the branch cuts that correspond to poles. 

Alternatively, contours should be allowed to cross or lie on branch cuts corresponding to 
zeros. For example, we saw in the example of the free vortex theory that a good integration 
cycle can cross a line of zeros (see Figure 9). For SQED, we found that a good integration 
cycle should be continued to infinity along lines of zeroes (Figure 11). In some cases, it may 
even be necessary to allow cycles that continue to infinity along a line of zeros even though 
it looks like they are flowing upward with respect to He(yW(X, S)) . This was the case in 
SQED on the left or right of Figure 11 (see also Figure 18, page 73). In fact, this bizarre 
situation can occur in the free-vortex theory as well. In Figure 14 we have blown up the 
region of the S'-cylinder where the potential of TL has a half-line of zeroes at h < — it is 
a close-up of Figure 8. When \x\ < 1 there is a convergent integration cycle that continues 
to infinity along the line of zeroes, flowing downward. However, when |x| > 1 the shape of 
the potential changes and the only candidate integration cycle V looks to be flowing upward 
instead. We expect that blocks should survive the transition from |x| < 1 to |x| > 1. It is 
conceivable that the integral along V might be regularized to converge, since the integrand 
oscillates very rapidly along the half-line of zeroes. 

We can use the approximate cycles T a defined by the potential jW{X, S) to study the 
Stokes phenomenon for blocks. We expect the analysis to hold so long as critical points of 
j r W{X, S) are sufficiently far away from its branch cuts, so that gradient connecting one 
critical point to another (at Stokes walls) don't cross any cuts. The approximate location 

21 In the general multi-dimensional setting, the poles and zeroes occur in codimension two, and the distin- 
guished branch cuts are flat walls of codimension one. The "slope" of cuts is measured in the space transverse 
to the zeroes and poles that lie on them. Branch cuts lying in different dimensions may intersect. 



outside of Section 



3, we denote — iW^ M as W(X, S)/h). Consequently, our first approach is 




(4.62) 



Figure 14. Plots of the potential Re(^M / (x, s)) for the block integral (4.40) of T' A , showing a cycle 
that effectively starts to flow upward along a line of zeroes as x is varied. Here h < and \x\ < 1 on 
the left while \x\ > 1 on the right. The dashed line is the effective upward flow. The bottom-right 
view shows the valley corresponding to the line of zeros. 

of Stokes walls for a pair of critical-point cycles (r ai ,r Q2 ) that flow from critical points 
(S( ai \ S( a2 >) is then determined by 

hn(\W(X; S (ai) )) = Im(±W(X; S^)) . (4.63) 

The cycle with the greater value of Re(|V4^(X; S^)) will pick up a copy of the other as 
parameters are varied across the wall. Equation (4.63) should be understood on the sheet of 
W(X, S) (with distinguished branch cuts) that is defined by sending h — > in T(x, s; q) along 
a ray with constant phase. 

This simple analysis can also be used to understand the existence of conjugate Stokes 
jumps for holomorphic blocks at |g| < 1 and \q\ > 1. Suppose that we fix two values h®, ho 
of the parameter h such that the product /io^o is real and negative (for example, Hq > 
and ho < 0), and only vary the mass parameters x = expX. It is easy to see that the 
same sheet of W, with the same branch cuts, is relevant for analyzing gradient flows at both 
values of h. Thus the approximate Stokes walls defined by (4.63) occur at the same place in 
X-space. However, because Ke(W(X, S)/Hq) and Ke(W(X, S)/Hq) have opposite sign, the 
critical-point cycles that jump across a wall will be different: 

(r-) ^ (o T) (r-) ath = ho * \P) " (ti ?) (r-) ath = ~ h °- 

(4.64) 

More generally, any Stokes matrices M, M that govern a Stokes phenomenon in X-space at 
"conjugate" values of parameters Hq^Hq will satisfy MM T = 1. 
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Shift-invariant quantum cycles 

The above description of integration cycles works quite well when h is small, or q is close to 1. 
However, it may be useful to define cycles at large h as well. For example, an exact analysis of 
the blocks B a (x;q), B a (x,q) involved in an S-fusion operation requires simultaneous consid- 
eration of cycles at H and h = — We therefore provide a second, "quantum" prescription 
for defining integration cycles. We take the non-perturbative integrand T(x, s; q) of the block 
integral (or rather logT) to be the potential for gradient flow. We know that T cannot be 
the exact potential for supersymmetric quantum mechanics, because it has too many critical 
points. Correspondingly, we will see that not all of its convergent critical-point cycles lead 
to solutions of Ward identities. These two mismatches ultimately cancel each other out, and 
can be resolved simultaneously. 

Consider the integrand T(x,s;q) of the block integral at finite q. It is a meromorphic 
function of s. In addition to the critical points s = that survive in the limit q — > 1 and 
correspond to vacua on M 2 xS' 1 , there are an infinite set of "quantum" critical points s = 
They occur in between every two consecutive zeroes or poles on the lines and half-lines that 
would coalesce into cuts as q — > 1. They do not correspond to true vacua of the theory on 
M 2 XqS' 1 (or to SUSY ground states on T 2 x R) because we know that physical vacua are 
uncharged under the rotation whose Wilson line implements the q deformation, and so the 
vacua cannot appear spontaneously when q ^ 1. 

Now consider downward gradient flows from all the and with respect to the 
potential log \T(x, s;q)\. The flows define cycles T° and f q, respectively, on which the block 
integral converges. However, these cycles typically terminate at zeroes of T rather than 
at asymptotic infinity. They are not yet good candidates for cycles on which to compute 
holomorphic blocks, because they are not invariant under g-shifts (as discussed in Section 
4.3), and so do not produce solutions to Ward identities. Shift-invariant cycles must either 
be closed or end at asymptotic infinity. 

We can solve this problem by taking linear combinations of the cycles and f q that 
are shift invariant. The cycles and Tq form a countable basis for an abelian group T q , 
which is a certain limit of homology groups 

H r (M q ,M qA ;Z), (4.65) 

as A — > — oo, where 

M q = (C/2vriZ) r \{poles of T} , M qA = {S G (C/2™Z) r | T(x, s;q)\ < e A } . (4.66) 

We say that a (possibly infinite) linear combination of these cycles T = Y^ a n a T q + J2/3^i3^g 
is convergent if J r dST := ^2 a n a J ra dS T + J2p n l3 J*f P dS T is finite. We say that such a 
linear combination is shift-invariant roughly if a shift by ±h in any integration variable Si 
does not change the integral J r dST. More precisely, T is shift-invariant if for every shift by 
±h in a direction Si there exist two smooth, convergent cycles V and T", with T" the image 
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Figure 15. A schematic example of gradient-flow cycles for the "quantum" potential T, drawn on 
a cylinder parameterized by S £ C/(2tuZ). We have indicated poles by black dots, zeroes by white 
dots, and critical points by 'x'. The convergent, shift-invariant integration cycle is T 1 = T^+T^. This 
picture actually corresponds to the free-vortex theory at h > 0, cf. Figure 9. 

of T' under the shift, such that j T dS T = J r , dS T = J r „ dS T . Then we can define the group 
r to be the subgroup of T q consisting of convergent, shift-invariant elements. 

The subgroup T is the finite-rank group containing the cycles that lead to holomorphic 
blocks. If we are lucky, every element of T will contain at least one copy of a cycle 
corresponding to downward flow from one of the semi-classical critical points s a . (In other 
words, there will be no convergent shift-invariant cycles formed entirely from quantum cycles 
Tq.) This appears to be the case in examples. Then we can identify a distinguished basis of 
cycles r a £ T, by defining T a to be the unique element that contains the minimal positive 
number of copies of (typically one) , and zero copies of all other . An example is shown 
in Figure 15. The basis will naturally be associated to the vacua of our theory. 

Note that this definition of convergent, shift-invariant cycles T a can naturally include 
cycles that seemingly flow "upward" along a half-line of zeroes, as in Figure 14. We argued 
previously that these cycles are sometimes necessary if block integrals are to make sense at 
all values of parameters x. They will be included if the infinite sum hpT q of quantum 
cycles along a half- line of zeroes can be made to converge. 

As we change parameters x and q, the integration cycles in T q will undergo Stokes 
phenomena at infinitely many walls, defined by one of the conditions 

arg T(x, q) = arg T(x, s^ 2 ^; q) (mod 2iri) , (4.67a) 
argT(x,s (/3l) ;g) = arg T(x, s (ft) ; g) (mod 2iri) , (4.67b) 
argT(ar, s^ a ';q) = argT(ic, s^';q) (mod 2iri) . (4.67c) 

Most of these jumps will just modify the elements of the shift-invariant subgroup T by a finite 
number of quantum cycles f g, so that the basis for T associated to vacua of the theory is 



- 66 - 



unchanged. However, at a few, distinguished walls the true basis {r } of T jumps. These 
special jumps are related to the physical Stokes phenomenon. If the classical critical points 

are well separated from poles and zeroes, then the physical jumps will occur precisely 
when a flow from one classical critical point hits another critical point, as in (4.67a). Then 
the location of the wall will approximate that predicted semi-classically by (4.63). 

In a situation such as S-fusion of blocks, where it is important to keep track simultaneously 
of parameters (x = expX, q = exp^i) and (x = exp ^px, q = exp Z | L ), it generally does 
not seem that Stokes jumps for blocks B a (x;q) and B a (x;q) can both be analyzed in the 
semi-classical approximation. The full quantum Stokes analysis outlined here may then be 
useful. 



5 Case study: the CP sigma-model 

We now consider in detail an example that illustrates the constructions of the previous sec- 
tions. This will be our main example, and in studying it we will encounter most of the 
interesting features associated to holomorphic blocks. In particular, we will see how the five 
proposed properties of holomorphic blocks from Section 4 can be satisfied in a theory with 
multiple vacua, and multiple Stokes chambers. Moreover, in the discussion of connections to 
Chern-Simons theory in Section 6, this example will form the basis for calculations involving 
the figure-eight knot. 

The theory in question (denoted in this section as T\) can be described in the UV as a 
gauged linear sigma model, which flows in the IR (in rather subtle ways) to a non-linear sigma 
model with target CP 1 . The UV La grangian has two chiral multiplets <f>\, (f>2, transforming 
with charges (+1,+1) under a dynamical, abelian U(l) gauge symmetry. We denote the 
scalar in the dynamical vector multiplet as cr 3d , and its complexification as S or s = expS 1 . 
The theory also has flavor symmetry U{l)y x U(l)j, as well as a U{1)r R-symmetry. The 
vector symmetry U(l)y rotates the chirals with charges (+1,-1), and has an associated 
real mass m 3d , complexified to x = expX. The topological symmetry U(l)j shifts the dual 
photon, and has an FI parameter i 3d , complexified to y = expl". For compactification on 
curved backgrounds, we choose the R-charges of the chirals to be zero. The charges and 
Chern-Simons levels of the theory are summarized as follows, 

' Dynamical U(l) gauge theory with two chirals 0i, 02> 
U(l)v x U(l)j symmetry with parameters x, y; 
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(5.1) 



This theory is known to arise in various contexts. It can be engineered on a toric brane in 
the local Calabi-Yau geometry 0{-2) O(0) -)■ P 1 . It also appears on the simplest half-BPS 
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massive 
Higgs 



surface operator in 4d SU(2) super Yang-Mills. We will mention some of these interpretations 
in Section 5.6. For now, though, let us start with three-dimensional gauge theory and work 
our way down to blocks. 

5.1 Parameter spaces 

The three-dimensional parameter space of T\ is shown 
in Figure 16. It was analyzed carefully in {e.g.) [89], 
following [61]. We review some of the relevant details 
here. For m 3d = and positive i 3d > (i.e. on the 
ray labelled I), the theory has a CP 1 Higgs branch of 
vacua, and is well described at low energy as a nonlin- 
ear sigma- model with target space a CP 1 of size ~ i 3d . 
For large i 3d , the sigma- model is semi-classical. On ei- 
ther side of the ray I, the theory becomes massive, and 
has two Higgs-branch vacua localized at the poles of 
CP 1 . So far, this is similar to the two-dimensional CP 1 
model. The main qualitative difference comes at neg- 
ative i 3d : then there are two CP 1 Coulomb branches 
of vacua (rays II and HI) at m 3d = ±i 3d . Quantum 
effects are important in identifying their topology as 

that of CP 1 . In between rays II and HI, T\ has two massive Coulomb-branch vacua. 

There is a Z3 symmetry in Figure 16, and this is not a coincidence. The parameter space 
can be rotated by a third by transforming the mass parameters according to 




Figure 16. Parameter space for 3d 
model. 



(m 3d ,t 3d ) 



3d 



nr 



3d 



3m 3d + 1 



3d 



(5.2) 



Upon promoting (5.2) to a transformation of the background vector multiplets in the T\ 
(equivalently, a linear redefinition of the flavor symmetries), one obtains a new theory Tq 
that is mirror symmetric 22 to T\. This is also a CP 1 sigma- model, but with modified mass 
and FI parameters. Consequently, Tn has a classical CP 1 Higgs branch along ray II. Apply 
transformation (5.2) again sends 



m 



3d ,t 3d ) 



m 3d + t 3d 3m 3d 



±3d 



(5.3) 



and results in a theory Tm with a CP 1 Higgs branch along ray m. Notice that the transfor- 
mation has order three, oj 3 = id. 

Now consider the compactification of T\ on a circle of radius (3. The mass parameters are 
complexified by Wilson lines on S 1 and we define the conventional dimensionless, single- valued 



22 One way to derive the mirror theory Tn from T\ is to apply the fundamental Ta — T A symmetry of Section 
4.4.1 once to the chiral 0i and twice to 4>2, and to then integrate out decoupled gauge multiplets. Similarly, 
to obtain Tin one may apply the Ta — T A symmetry twice to <j>i and once to (f>2 ■ 
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C* variables as follows, 



x = e x , X := 2n/3m 3d +i d> A v , 

; sl (5.4) 

y = e Y , Y :=2n(3t 3d + i <p Aj , 

where ImY is a theta-angle in two dimensions. For the scalar in the two-dimensional vector 
multiplet we define 

s = e s , S := 2npa 3d + i I A. (5.5) 



Js 1 

Additionally introducing a Wilson line i§ A = in for the R-symmetry, the effective twisted 
superpotential in two dimensions is given by 

Wi{S; X, Y) = \{S 2 + X 2 ) + S(Y - in) + Li 2 ( e - 5 - x ) + Li 2 ( e - S+X ) . (5.6) 

The term SY is an FI coupling; and we recall that the free chirals with zero R-charge con- 
tribute \(S±X - in) 2 + Li 2 (e- STX ). 

The expression in (5.6) has several interpretations. It the effective twisted superpotential 
of an M = (2, 2) theory that governs supersymmetric vacua on R 2 . It is also the superpotential 
for an effective M = 4 quantum mechanics on M + , coming from the reduction of T\ on D 2 x q S 1 
(in terms of Equation (3.9), we have — iW^ M = \W\). Moreover, when accompanied with 
a distinguished choice of branch cuts, \W\ describes the leading H — > asymptotics of the 
operator (3.17) inserted at the origin in quantum mechanics on M + , or equivalently the leading 
asymptotics of the integrand of a block integral. 

The mirror symmetry transformation (5.2) should descend to an equivalence of the various 
compactified versions of T\, at least in the regions of parameter space where the theory 
is massive. The extended mirror symmetry transformation should act holomorphically on 
complex parameters, generalizing (5.2) to 



For a precise duality we must supplement (5.7) with the addition of Chern-Simons contact 
terms between between the R-symmetry and vector symmetry, taking the form ±mX in 
twisted superpotentials. Then we find 

Tn : W n (S; X, Y) = \S 2 - (2X + iir)S + X 2 - X(Y + in) + Li 2 (e- 5 ) + Li 2 (e~ s+X - Y ) 

* W X (S; -mf-) + f (X + X) , (5.8) 



T m : W m (S; X, Y) = \S 2 + (2X - in)S + X 2 + X[Y - in) + Li 2 (e" 5 ) + Li 2 (e" 



S-X-Y\ 



W^-^^ + ^iY-X), (5.9) 



where in the relations to Wi, indicated by we allow shifts of the dynamical field S by 
multiples of the complex masses X and Y. From the twisted superpotential, we can determine 
the supersymmetric parameter space £susy (3.14). In all three theories Tt, Tn, Tin, it is given 
by 

£susy: {py + iy-'-x-x-^+Py 1 = 0, PxPy - (p x +p y )x + 1 = 0} C (C*) 4 . (5.10) 

The precise match of -Csusy among the three theories is a consequence of mirror symmetry, 
and serves as a verification of the contact terms added to (5.8)-(5.9). 

Finally, in analyzing Stokes jumps it will be helpful to understand the discriminant locus 
T> for these theories. This is the locus in parameter space where the theories become massless, 
and is the source of Stokes walls. It is important to avoid this locus when defining blocks. 23 
For Tt, the vacuum equation is 

exp^ = l 1 =(x- 1 -s)(l-xs- 1 ), (5.11) 

with solutions 

S 1 - 2 ^, y) = -i\y-x-X~ 1 ± ViV 1 ~ x ~ X' 1 ) 2 ~ A , ( 5 - 12 ) 

which has discriminant locus given by 

V: {y- 1 = x + x~ 1 ±2} C C* x C* . (5.13) 

For Tn and Tn the vacuum equations look different, but the discriminant locus is the same. 
Indeed, T> is invariant under the Z3 mirror-symmetry action (x,y) 1 — > {x~^y^ , x~^y~ 2 ) . 

We present two visualizations of T>, which has complex codimension one, in Figure 17. 
First we take a three-dimensional slice at ImY = 0, which shows some of the branching 
structure of T>. Then we project all of T> to the plane parametrized by the real masses 
HeX = 27r/3m 3d and ReY = 27r/3i 3d . The latter projection shows the values of m 3d and 
t 3d for which the compactified theory on M 2 x S 1 could become massless (for some choice of 
Wilson lines). In the decompactification limit /3 — > 00, the projection reduces to the three 
rays of Figure 16. 

5.2 Blocks 

Since the CP 1 sigma-model generically has two massive vacua a = 1,2, there should be two 
independent holomorphic blocks B l (x, y; q), B 2 (x, y; q). We will now compute the two blocks 
for T\ using the methods of Section 4: we define a formal integral that solves line-operator 
Ward identities, and associate a convergent integration cycle T a to each vacuum a. 

To build T\ using the iterated construction of Section 4.1, we take the following steps. 



23 Recall that a mass gap is essential for the effective quantum mechanics on R+ to be free of infrared 
divergences. More generally, we only have control over RG flow for compactified theories if we have made them 
massive; and only in this case can we hope for these calculations to accurately reflect 3d mirror symmetry. 
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Figure 17. Discriminant locus of the CP 1 model on R 2 x S 1 : slice at ImY = (left) and projection 
to (ReX, KeY) (right). The ImX direction is periodic, with period 2tt. 

1. Tensor together two theories Ta x <8> ?a 2 to obtain a theory of two chirals epi, 4>2 with 
U(l)i x U(l)2 flavor symmetry and —1/2 CS levels for each. The R-charges are Rfa = 



2. Redefine the flavor symmetries as a vector U (l)y and axial U [1)a, using U = ^ (\ 1)^ 



3. There is now minus one unit of Chern-Simons coupling for U(l)y and for U(1)a- Add 
one unit of coupling for each to give net zero Chern-Simons levels. 

4. Gauge the axial U (1)a> with the addition of an FI term. This produces a new topological 
flavor symmetry U(l)j. 

5. Shift the R-symmetry current by a unit of the topological U(l)j current, to cancel a 
Chern-Simons coupling between the U(1)r connection Ar and the dynamical gauge 
connection. (The unwanted coupling comes from the full definition of the 7a theories.) 

This construction of the theory dictates how to assemble the Ward identities for the 
blocks of T\. We start with canonical identities p\ + x^ 1 — 1 ~ 0, p2 + x^ 1 — 1 — for the 
product Taj <S> Ta 2 , and apply the appropriate transformations to obtain the two operators 



where "~ 0" means "annihilates blocks." Here x, y act as multiplication by the complex mass 
parameters x = e x , y = e Y (5.4), while p x , p y are the corresponding shift operators, satisfying 
p x x = qxp x , p y y = qypy. By working in the left ideal generated by the two operators in (5.14), 
the square roots (which arise from the non-integral transformation of the charge lattice in 
step (2)) can be eliminated and the operators can be written in the equivalent form 



R(f> 2 — 0- 



GL(2). 




(5.14) 





(5.15) 
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which makes clear that the Ward identities are a quantization of the Lagrangian submanifold 
£susy (5.10). 

In a similar way, we can follow these steps and build a block integral that formally solves 
(5.15). It takes the form 

Bl( ™ } = jkL^is eiln-q-isy) to°~ lx - 1 >*>°° ^ ^ (5 - 16) 
recalling for convenience the definitions 

In^iCi-?"^)- 1 m>i 



OO ) 



where 0(z;q) has been abbreviated to 0(z). The two products B/\(sx ±1 ; q) = (qs~ l x Tl ; q)oo 
in the integrand are the contributions of the chirals <pi, 02, packaged as theories Ta x and Ta 2 , 
and the remaining theta functions reproduce additional Chern-Simons levels and the FI term. 
As usual, the choice of theta functions is unique up to multiplication by an elliptic function 
(Section 4.2). We also include a normalization by l/(q) oa , defined in (2.61). 

To evaluate the blocks (5.16), we need the convergent integration cycles associated to 
each vacuum. To this end, it helps to analyze the integrand as a function of the cylindrical 
variable S = logs. We take h to be real and nonzero, so that q is real and positive, with 
\q\ < 1 or \q\ > 1. For \q\ < 1 (respectively, \q\ > 1), the integrand has a line of poles (resp., 
zeroes) along lmS = ImY, coming from the theta-function 8(—q~2sy) that is associated 
to an FI term. The poles have spacing \h\. There are also two parallel half- lines of zeroes 
(resp., poles) coming from the contributions of the chirals; the half- lines start at S = ±A and 
stretch to S = — oo, with spacing \h\. At large |Re S*| (close to the ends of the 5-cylinder), 
the integrand behaves approximately as exp(^rsign(Re S)S 2 ), which indicates that naively 
the convergent integration cycles can and either at Re S — > oo when \q\ < 1 or at Re S — > — oo 
when |g| > 1. 

If we send h — > along the real axis, from either the positive or negative side, the 
integrand has leading asymptotics 

Ti{x,y,a;q) ~° exp [I (i(logx) 2 -^(log(-y)) 2 + ^log(- S y)) 2 +Li 2 (x- 1 S - 1 )+Li 2 (^ 1 ))] , 

(5.17) 

which is equivalent to \W\{S; X; Y) with a distinguished choice of branch cuts. The cuts come 
from the lines of poles and zeroes of Tj at finite h, and have slope zero on the S-cylinder; they 
are the standard cuts for log and Li 2 as written in (5.17). The two critical points s a (x,y) of 
(5.17) are located at the solutions to the vacuum equation (5.12). 

Now suppose that \q\ > 1. We focus on the classical sigma-model phase of T\, that is 
Re Y 3> and Re A < ReY. We will also choose ImY ~ and ImA ~ g7r (mod 2n). These 
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Re S 



Figure 18. Cycles for Tj blocks at \q\ > 1 (left) and \q\ < 1 (right). We choose Y 
and h = ±7r/4. These are plots of the quantum potential log |Ti|. 



2, X 



-2ni/3, 



imaginary parts (Wilson lines) ensure that we are far away from the discriminant locus in 
parameter space (Figure 17), so that the theory on R 2 x S is massive. Figure 18 shows a 
plot of the "quantum" potential log|Ti| at these values of parameters. The critical points 
are very close to the beginning of the two half- lines of poles, at S = ±X (mod 2m). The 
downward-flow contours in the vicinity of the critical points have an obvious continuation to 
asymptotic, convergent contours T^ and T>, as indicated. (These could be obtained using 
either method of Section 4.5.) Moreover, it becomes clear that at this point in parameter 
space we are not only far from the discriminant locus, but far from any Stokes walls: there 
is no way that the downward-flow cycle from one critical point could come close to the other 
critical point. 

As in Section 4.4, we largely ignore the line of zeroes coming from 9{—q~^ys) — and the 
fact that the integrand at finite H has an infinite set of "quantum" critical points between 
every pair of zeroes. We demand that the cycles must be well defined in the H — )■ limit 
(so don't know about "quantum" critical points), are asymptotically convergent (so cannot 
stop on a zero), and resemble downward- flow cycles in a neighborhood of the classical critical 
points; and this leads to ri, and T>. If we modified the integrand by an elliptic function, 
more horizontal lines of poles or zeroes could appear in Figure 18 (or cuts as H — > 0), but this 
would not affect the qualitative features of the cycles. 

We can evaluate the integral along ri, and r> by summing residues, and readily find 



B\(x,y;q) :~- 
B 2 (x,y;q) := 



ds 
2ms 

ds 
2ms 



T, 



9(-q a j/) 



J(xy 1 ,x 2 ; 



9(x)9(—q 2x 1 y) 
9(-q-2y) 



9(x)9(—q 2xy) 



J(x- L y-\x- 2 ;q) 



\Q\ > i 



(5.18) 
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Here the function J is related to the so-called Hahn-Exton g-Bessel function [90, 91], and 
can be defined by a q-hypergeometric series 

J(x,y;q) := (qy,q)ooY] , _ n , r~ , M < 1 or \q\ > 1 , (5.19) 

which converges both for |g| < 1 and \q\ > 1 and defines a meromorphic function of x, y G C*. 
It is fairly straightforward to check that the functions Bj(x,y;q) are solutions to the Ward 
identities (5.15). We will take (5.18), with the extra normalization factor (q~ 1 ) OCJ /2iri, as a 
definition of the functions B"(x,y;q), fixing the elliptic- function ambiguity. The subscript 
"I" indicates a particular Stokes chamber — the one where T\ is a semi-classical sigma-model. 

As a physical check, we can take the true classical limit \y\ — > 00 of the blocks. This cor- 
responds to a sigma-model with a huge CP 1 target space, with single, light chiral excitations 
localized at the north and south poles. In this limit, we find 

Bl' 2 (x,y;q) ~ (<^ ±2 ;g)oc (5.20) 

up to a theta- function (corresponding to a background Chern-Simons term). We immediately 
recognize the remaining light chirals, with masses ~ |2X|. 

What about contours r< and r< for \q\ < 1? In the neighborhoods of the critical points, 
the downward-flow cycles now extend in the horizontal real-S 1 direction, as shown on the right 
side of Figure 18. We are in one of the situations discussed in Section 4.5 and shown in Figure 
14. Extending toward positive S, the choice of cycles is obvious. Extending toward negative 
S, where the potential log|Ti| ~ |Wj typically increases like ^(ReS 1 ) 2 , the most intuitive 
choice is to extend two independent cycles along half-lines of zeroes. We expect that it is 
possible to integrate over them with an appropriate regularization. 

We do independently expect Bj(x,y;q) at \q\ < 1 to be naturally related to B"(x,y;q) 

at \q\ > 1, e.g. in the sense of sharing the same q-hypergeometric series expansions. We did 

calculate the \q\ > 1 blocks using a series that converged both for \q\ < 1 and \q\ > 1. Thus, 

1 2 

rather than evaluating the integrals along T< directly, we will simply define 

1 



B}(x,y;q) := * ( q ~\ v) - J(xy~\ x 2 ; q) , 
8{x)9(-q 2x~ L y) 

Bi(x,y;q) := -°^fH J (x^ 1 y' 1 , x~ 2 ; q) 
6(x)9(—q 2xy) 



\q\ < 1 (5.21) 



as well. We will see that this definition passes a battery of nontrivial tests, and so we predict 

1 2 

that if the T< integrals were to be regularized and evaluated, they would agree with (5.21). 

There is much hidden in the similarity of the definitions (5.18) and (5.21). As was the 
case in the examples and Section 2.5, the blocks cannot be continued from \q\ < 1 to \q\ > 1, 
and the distinction between the regimes (one topological and one anti-topological) is crucial. 
We will see now and in Section 5.3 that the J- functions behave very differently at \q\ < 1 and 
\q\ > 1, and that blocks (5.18)-(5.21) satisfy some extremely restrictive conditions necessary 
for consistent Stokes phenomena. 
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5.2.1 The g-Bessel function 

We pause to point out a few surprising properties of the g-Bessel function J~(x,y;q), some 
proven and some conjectured. We do not assume that q is real, but we do assume that it is 
never on the unit circle. 

First, for both \q\ < 1 and \q\ > 1, a quick manipulation of the series (5.19) shows that 

J(x,y;q) = 6(-q 1 2y)J(xy-\y- 1 -q- 1 ), \q\ / 1. (5.22) 

When \q\ < 1, we can also re-write (qy,q)oo/{qy,q)n = (q n+1 y,q)oo = E^o {^^{(tvY , 
leading to 

n % (<l)n(q)r 

which shows that the function is symmetric, 

J{x, y; q) = J(y, x; q) , M<1. (5.24) 

Combining the symmetry with the "inversion" (5.22) leads to identities such as 

6{-qlx- l y) J{x, y; q) = 9(-qh) J(x~\ x^y; q) , \q\ > 1 . (5.25) 

In contrast, when \q\ > 1 the sum (5.23) never converges and the symmetry (5.24) does not 
hold! We find, conjecturally, that it is replaced by the relation 

J(x, y- q) - J(y, x; q) = ^~ q ] % !Mz^j y . ; \ q \ >1} ( 5 . 26 ) 

6(—q2x 1 y) 

which we have verified numerically to high precision. This relation ultimately ensures consis- 
tent Stokes jumps for the T\ blocks. 

Finally, we experimentally find 24 an infinite-product expansion 

J(x, y, q) = {qx; q)oo{qy, q)oo(q 2 xy, q)oo(q 3 x 2 y, q)oo(q 3 xy 2 ; q)oo (5.27) 
x (q 4 x 3 y;q) O0 (q 4: x 2 y 2 ;q) O0 (q 5 x 2 y 2 ;q) oo (q 4 xy 3 ;q) oo (q 5 x 4 y;q) oo - • • , 

obtained by treating (5.23) as a formal series in q. The corresponding infinite-product form 
of the blocks of T\ in the semi-classical sigma-model chamber contains information about 
Ooguri-Vafa invariants (degeneracies of BPS states), as discussed in Section 2.2. 

5.3 Stokes jumps 

One of the most interesting aspects of holomorphic blocks is their global behavior in parame- 
ter space — namely their Stokes phenomena. In the wavefunction interpretation of the blocks, 
Stokes walls are locations where there can be tunneling between SUSY ground states \a) in 



24 We especially thank Don Zagier for pointing this out, and more generally for offering generous and ex- 
tremely useful guidance in numerical analysis of g-series. 
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the Hilbert space on T 2 . We can analyze the structure of Stokes walls quantitatively using 
the block integral and the methods outlined in Section 4.5. We focus on a region of parameter 
space where the gradient flows of either the semi-classical potential Re(iWj(a;, y, s; q)) (with 
cuts specified by (5.17)) or the "quantum" potential log |T/(x, y, s; q)\ can connect one critical 
point to another without passing through branch cuts or lines of poles or zeroes. Then the 
Stokes walls occur semi-classically when lm^Wi(x, y, sW; g)) = Im(^Wi(x, y, s^; g)) at the 
two critical points s^\x,y) and s^ 2 \x,y). Alternatively, using critical points of the full inte- 
grand Ti(x, y, s; q) the walls will be slightly deformed, and are given by arg Ti(x, y, s^; q) = 
arg Ti(x, y, s^; q) (mod 2n). 

We plot the Stokes walls in the region of parameter space with Im Y = and Re Y > in 
Figure 19, using the semi-classical approximation. We have fixed h to be real and small, but it 
does not matter whether it is positive or negative. The walls emanate from the discriminant 
locus T>. Generically, there are three codimension-one walls meeting every branch of T>, in 
correspondence with the fact that there are two critical points. Indeed, the behavior of 
any such system with two critical points that are very close to each other (as is the case 
in a neighborhood of the discriminant locus) is universal. It can be modeled on the Airy 
integral J dS exp f t (S 3 + aS) , where a is a generic parameter in the plane transverse to the 
discriminant locus. The Airy integral is famously known to have three Stokes walls in the 
a-plane, so this is what we expect to see. 

We restrict our analysis to a neighborhood of the real plane V parameterized by ReX 
and HeY at ImX = 4ir/3 = —2ir/3 (mod 2ir) and Imy = 0. This plane has the advantage 
of being invariant under mirror symmetry transformations (5.7), which will be discussed in 
Section 5.4. The discriminant locus T> intersects the plane V at the origin, and three Stokes 
walls that emanate from it separate the plane into three chambers. Somewhat surprisingly, 
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the walls turn out to be anti-parallel to the initial massless rays in the three-dimensional 
moduli space of T\ (Figure 16). Thus, it makes sense to label the chambers by the Higgs and 
Coulomb rays I, II, and HI. 

We first take h > and \q\ > 1. In chamber I, where T\ is approximately a sigma- model 

1 12 

onto the CP Higgs branch, we have already found the two blocks B l ' [x, y; q) corresponding 
to the two massive vacua at the poles of the CP 1 (5.21). As we vary parameters in the plane 
to other chambers, the critical points s a (x,y) start to rotate around each other. Similarly, 
the two half-lines of poles in the \q\ > 1 integrand (or half-line branch cuts of h\) slide relative 
to one another in the Re S direction (their separation in the ImS" direction, given by Im J, 
is fixed). The critical points and natural downward-flow cycles associated to them at various 
values of (ReX, ReY) are sketched in Figure 20. 

Moving from chamber I counterclockwise to chamber II, we find that the cycle rL (we 
suppress the '>' subscript in Figure 20) hits the critical point a = 2, and picks up a copy of 

. Thus 




(5.28) 



Correspondingly, the natural |g| > 1 blocks associated to critical-point cycles (i.e. vacua) in 
chamber II are not B\ and B^, but rather (B^, B^) = (B\ + Bj, B^). Continuing on through 
chamber II, the cycle at some point appears to become closed (wrapping the cylinder) 




Figure 20. The critical-point cycles at |g| > 1, in various chambers on V . The plots of log |Tj| here 
are drawn for h = 7r/4, at points on the circle |ReX| 2 + |ReY| 2 = 4. 



rather than ending asymptotically at Re S = — oo, but these two choices are homotopic and 
there is no modification to the blocks. The next Stokes wall is crossed moving into chamber 
IE, where T| picks up a copy of — I^: 





: Ml^ [^>j , Ml^ = I ^ "I . (5.29) 
And, finally, we cross the third wall to return back to chamber I, finding 

= M?* 1 (if A , M>~ >/ = | ; ; | • (5.30) 






Note that the product of matrices 

is not the identity: there is a monodromy induced by circling around the discriminant locus, 
so that the cycles in chamber I have been switched. This is easy to see directly by following 
the classical critical points s a (x,y) in (5.12). As we circle around the discriminant locus, 
the square root changes sign, taking s 1 (x,y) o s 2 (x,y). Physically, we expect the SUSY 
ground states |1) and |2) in the Hilbert space of T 2 to undergo the monodromy (5.31) if one 
adiabatically varies parameters to circle the discriminant locus. 

5.3.1 Topological and anti-topological regimes 

Now let us consider what happens to the blocks at \q\ < 1. We can do this using the formal 
integration cycles drawn on the right Figure 18 for chamber I, by tracing them through the 
(Re X, Re Y) plane, just as we did for \q\ > 1. We can read off Stokes matrices even if we don't 
know how to compute the integrals directly. However, we already know what the result must 
be. As discussed in Section 4.5, and as needed for consistency of topological/anti-topological 
fusion, the (semi-classical) Stokes walls at \q\ < 1 are identical to the ones at \q\ > 1, but the 
matrices are related by 

M< = (M>)- 1T . (5.32) 

Indeed, considering the formal integration cycles leads to precisely these jumps. Given the 
blocks (5.21) in chamber I, in chambers II and HI we should then have 

< 1 , (5.33a) 
M<1. (5.33b) 
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This brings us to a puzzle, previewed already in the Introduction. When \q\ > 1, the 
blocks associated to vacua and integration cycles of Figure 20 (in contrast to expressions 
(5.33)), are 




R2 ' R2 -R 1 



> 1 . (5.34) 



In the "classical" chamber I, we postulated that the \q\ < 1 blocks and the \q\ > 1 blocks 
should have the same convergent g-hypergeometric series expansions, enabling us to derive 
(5.21) from (5.18). There is nothing special about chamber I, and this property of being 
related naturally by a convergent series should hold in all chambers. However, the linear 
combinations of \q\ < 1 and \q\ > 1 blocks in chambers II and HI above look very different! 

The resolution comes once we remember that — despite having identical series expansions 
— the \q\ < 1 and \ q\ > 1 blocks are different analytic functions which obey different identities. 
For example, let's focus on the blocks B\ in chamber II. For \q\ < 1, we have B\(x,y;q) = 
B\(x, y;q), with the block given by (5.21), but we use the symmetry (5.24) to re- write B\ as 

B\{x,y;q) = ^4^— J(x 2 , xy' 1 ; q) , M<1. (5.35) 

9{x)9(—q *x~ l y) 

On the other hand, for \q\ > 1, Stokes jumping predicts that the block is given by B\{x, y; q) = 
B\(x, y\ q)+B 2 (x, y; q), with the RHS given by (5.18). We can transform the resulting function 
as follows: 

B\{x, y; q) = 6 ^ q ~\ y) J(xy-\x 2 ; q) + J{x~ V 1 , ^ ?) M > 1 

9{x)9(—q ax~ l y) 9(x)9(—q 2 X y) 

(5 = ) (-«-\yn-^ 2 \ J {x -\ X y.q) + 0{-q-h)e{- q ^f) J{xy ^-l y . q) 
9(x)9(—q 2x~ 1 y)9(—q2xy) 9{x)9{—q 2 X y)9{—q2x l y) 

J(a; -1 y,sy;g) - J(xy,x~ 1 y;q) (5.36) 



~2y)9(—q2x 2 ) 



9(x)9(—q 2x 1 y)9(—q2 xy) 
J(x~ 1 y,xy;q~ v 



i 



(5.26) 9(-q ay) _ x 



9{x) 



(5.24) 9 q y x l 

9{x) 

9(x)9(—q 2x~ L y) 



where in the middle step (5.36) we used 9(z) = 9(z~ 1 ) and 9(—q~2z) = —z9(—q2z) to match 
the theta-prefactors in the second term to those in the first term, up to a sign. Thus, we 
have arrived at an expression for the \q\ > 1 block in chamber II that looks identical to the 
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|g| < 1 block; by the definition of the jT-function (5.19), they have the same convergent series 
expansions. 

Such manipulations — taking completely different paths for |g| < 1 and \q\ > 1 — work 
to bring all blocks in all chambers to the same form at \q\ < 1 and \q\ > 1. The result can be 
summarized as: 

B\{x, y; q) = ^ 9 _^ — J (x 2 , xy" 1 ; q) , 

«W«(-,-^-iy) |,| < lor |,| >1 (5.37) 

9{x)9{—q 2x i y)9(—q2xy) 



B({x,y;q) 



i 



B^(x,y;q)= / (g * V } - J{x~ 2 , x~ V 1 ; g) , 
9{x)9{—q 2 xy) 

02/ \ 0(-g-iy)6l(-g-i a ; 2 ) x 

y; g) = — -j — — -j — l/i x ^ ' 



< 1 or |g| > 1 (5.38) 



9(x)9(—q~2xy)9(—q~2xy~ 
5.4 Mirror symmetry 

Another constraint on the form of holomorphic blocks for T\ comes from mirror symmetry. 
The blocks associated to massive vacua in a given chamber of a theory should not depend on 
the choice of mirror description used to calculate them. In the present case, we have three 
mirror descriptions T\ ~ Tn — Tm of the same theory, with the property that each is a semi- 
classical sigma-model to a CP 1 Higgs branch in a different chamber. Thus, we might expect 
that theories Tn and Tm give us simple descriptions of the blocks B^ and B^ (respectively), 
just as Tj gave an especially simple description of the blocks 5" in chamber I. 

To be more precise, let's consider again the complexified mirror-symmetry action 

(X,Y) ^(I^,- 3 ^^), or (x,y) ^ (./*,_). (5.39) 




The theory Tn is given by applying (5.39) to the flavor symmetries and and parameters of Tj, 
and shifting some background theta-angles and R-charges. In (X, Y) parameter space, the 
transformation (5.39) preserves a neighborhood of the plane V at ImX = 4n/3 and ImY = 0, 
and permutes the chambers of Figure 19 counterclockwise, I — >■ H — >■ III — > I. Therefore, by 
applying (5.39) to the blocks B^ associated to vacua in chamber I (as calculated by T\, say), 
we expect to get blocks associated to vacua in chamber II: 

^ ( J{xy,x- l y;q)\ 
\ K J(x 2 ,xy- 1 ;q)J ' 

Similarly, by applying the mirror-symmetry transformation twice, we should get the blocks 
associated to vacua in chamber HI, 






(5.40) 




J(xy-\x 2 ;q) \ ^ ( ( J( X - 2 , x^y' 1 ; q 
J{x- l y-\x- 2 ;q)j [b* J ~ \ J(x- l y,xy;q) 



(5.41) 
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This is in beautiful agreement with our calculations in (5.37)— (5.38) above, which used a 
Stokes analysis and special properties of the q-Bessel function J . The agreement, of course, 
is up to a possible relabeling of vacua 1h2, and up to a ratio of theta-functions that encode 
the extra Chern-Simons contact terms discussed in Section 5.1. 

There are block integrals for theories Tn and Tin that produce expressions (5.37)-(5.38) 
directly. In deriving them, it is important to be careful about Chern-Simons contact terms. 
These can be fixed either by matching Ward identities in candidate mirror theories, or by 
remembering that the mirror symmetry T\ ~ Tn ~ Tin is generated by repeated applications 
of the simple Ta — mirror symmetry (cf. Footnote 22), which was analyzed in Section 
4.4. The result for the block integrals is 

M*,V,1) = f ~ ~ ~ e }-\ iy ] 6 [- qkx2 \ (qs^qUiqs-'xy^qU, (5.42a) 

J * s 8{x)8(—q 2x~ 1 y)6(—q 2sx~ 2 ) 

®m(x,y,q) = [ - - ^-^f^* 2 ) (qs-\q)Msxy)-\q)oo. (5.42b) 
J* s 9(x)9(—q 2xy)6(—q zsx 2 ) 

In chambers II and HI, where the theories Tn and Tin become semi-classical, the respective 
blocks integrals at \q\ > 1 have two well-separated half-lines of poles with critical-point cycles 
analogous to those in Figure 18. Summing up each half-line of residues yields (respectively) 
the blocks B^ in (5.37) and B^ in (5.38). 

5.5 Fusion 

Now that we have defined holomorphic blocks for the CP 1 sigma-model, let us use them 
to check our main conjecture: that the ellipsoid partition function and sphere index both 
decompose into a sum of products of blocks. Exhibiting these decompositions in different 
mirror frames, in terms of blocks in different Stokes chambers, provides a new way to prove 
identities among the integral expressions that give ellipsoid partition functions and indices. 

The ellipsoid partition function of T\ is normally expressed in terms of b 2 = h/(2ni) and 
complex masses fi x = X/(2nb), [i y = Y/(2Trb). We also set a = S/(2^b). Using the rules 
described in [2], we find 

Z l b (fji x , t i y ;b)= [ dae-^^Sb^ib + b- 1 )- ^ x - a )s b (^(b + b' 1 ) + f, x - a) (5.43) 
27ri n -2 f dS \\nr ( M|2 

with C = exp [ — ^(h+h)^ and Sb and defined in Section 2.5, and with Ti the block integrand 
from (5.16). The integrand is now a (non-periodic) meromorphic function of S = 2irba G C, 
with poles at S = ±X — hm — 2irin, or a = — ibm — ib~ 1 n, for n, m 6 Z>o- The integral 
can be evaluated by closing the contour in the lower half-plane and summing up the residues 
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[9]. The result is 

=ilc- 1 e^(e-T^Y-™-l)\\j( X y~\ x * ]q )\\l + e l h x (^ 

=i§C- 3 (\\Bl(x,y-,q)\\ 2 s +\\Bf(x,y-,q)\\ 2 s ). (5.44) 

Of course, we could also have computed the ellipsoid partition function in a different 
mirror frame, and we expect to find the same answer. For theories Tn and Tm, a summation 
of residues analogous to the one described above produces 

Z^(fi x ,fi y ;b)= / da E(n x ,Hy,a; b) s b (^(b + b' 1 ) - a)s b (^(b + b' 1 ) + /i x - fi y - a) 

JR 

= i 3 2C- 3 {\\BUx,y;q)\\ 2 s + ||^(x,y; 9 )g) , (5.45) 

Z^(li x ,H y ;b) = I daE(-n x ,/j y ,a; b) s b (^(b + b' 1 ) - a) s b (^(b + b' 1 ) - /j, x - fj, y - a) 
Jr 

= ilc- 3 {\\Bi(x 1 y;q)\\ 2 s + \\B 2 1 (x,y;q)\\ 2 s ), (5.46) 

with 

3 1 i 

E(^ x ,^ y ,a;b) = exp [»7r(- ~f4 + \i x \i y + -fij + 3/^ + n y - -{b + b' 1 )^ + fi y ))] . (5.47) 

The blocks appearing here are manifestly the expressions given by (5.37)-(5.38). The equiv- 
alence of the right-hand sides of (5.44), (5.45), and (5.46) then follows immediately from 
the nontrivial linear identities derived in Section 5.3.1, which show that blocks in different 
chambers are related by pairs of conjugate Stokes matrices. For example, when \q\ < 1, 

\\B^x,y;q)f s + \\Bl(x,y;q)\\ 2 s (5.48) 
= Bi(x,y;q)(Bl(x,y;q) + B$(x,y;q)) + (Bf(x,y;q) - B^(x,y;q))Bf(x,y;q) 
= \\Bl(x,y;q)\\ 2 s + \\B$(x, y; g)||| . 

On the other hand, the equivalence of the left-hand sides was studied in [92] (c/. Appendix 
C therein) using identities for elliptic hypergeometric functions. It appears that Stokes phe- 
nomena for holomorphic blocks provides another way to understand such identities. 
As for the sphere index of T\, we follow the formalism of [3, 8, 10] to write 

l{m x ,( x ,my,( y ;q) = 

£ j> ^(-9"¥CC^ + "lA(m, + n, ( x a; q)l A (-m x + n, ("V; q) 



' 1n ' ''Tjfoy.ajg)!!* (5.49) 



2-iria 
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m x r ' l y n m x -i , . rri y -i 

where we now identify x = q~Cx, U = Q~Cy, s = <pcr, an d x = q~ Xx > V = Q 2 Cy > 
s = g 2 cr _1 , and we have expressed the integrand in terms of the free-chiral index T&(m, C;q) = 
n^=o(-'- ~~ ( ? 1_T+r C _1 )/(l ~~ 9 _T+r C) = |-Ba(^; l) \\ 2 id ■ The integration in a is over the unit 
circle, and it is assumed that \q\ < 1. For each fixed monopole number n, the integrand 
of (5.49) has two families of poles lying on or outside the unit circle. The contour can be 
deformed to infinity, picking up contributions from all of these poles. It is straightforward to 
sum up the residues in each family and see that 

l(m x ,(x,m y ,( y ;q) = \\Bi(x, V, q)f id + \B 2 (x,y; q)f id . (5.50) 

Just as for the ellipsoid partition function, we can express the index in different mirror frames 
in order to obtain identities among integrals of the form (5.49). Such identities were explored 
in [8, 93], and again we observe that blocks provide an interesting window into such relations. 

5.6 Equivariant K-theory, surface operators, and topological strings 

To conclude, we would like to touch upon several other interpretations of the holomorphic 
blocks for Tj. These include the connections to vortices and topological strings described in 
Section 2.2. All of the following interpretations were discussed in [19] (see also [70]). 

Let us first consider the dimensional reduction of T\ to two dimensions. We obtain a 
classic example of an J\f = (2,2) gauged linear sigma model [62], which in the infrared is 
described by a nonlinear sigma model with target space CP 1 . The FI parameter Y, which 
in two dimensions is complexified by a theta angle, still parameterizes the size of the CP 1 
(it is the complexified Kahler class). The complex twisted mass X makes the sigma- model 
classically massive, with two vacua where the bosonic fields are fixed at the north or south 
poles of CP 1 , respectively. For non-zero twisted mass, a map from the worldsheet M 2 to CP 1 
will have finite energy only if the asymptotic boundary of R 2 is mapped either to the north 
or south pole. This effectively compactifies the worldsheet of the IR sigma model: we find 
a theory of maps from a CP 1 worldsheet to a CP 1 target, with a fixed basepoint. Upon 
implementing an A-type twist, the theory localizes to holomorphic maps of this kind. 

The holomorphic blocks of T\ compute what is known as the equivariant J-function of 
the moduli space of holomorphic maps from CP 1 to CP 1 [94]. Let us recall for convenience 
that the two blocks associated to vacua in the semi- classical chamber (I) take the form 

00 n 

B l /{x,y;q) ~ J {x ±l y~\ x ±2 ; q) ~ ^ g y~ n , (5.51) 

^ {q 1 )n(qx ±2 ;q)n 

up to simple theta-function or (*; q)^ prefactors. The n-th term in the sum is an equivariant 
K-theoretic character of the moduli space of maps of degree n, where x is an equivariant 
weight for U(l) rotations of the target CP 1 (which is how the vector U{l)y symmetry acts in 
the physical theory), and q is an equivariant weight for U(l) rotations of the base. The two 
choices of vacua correspond to the choice of basepoint for the maps — whether we map the 
point at 00 on the base to the north or south poles on the target. 
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We can also connect the blocks in chamber I to equivariant vortex counting for the 2d 
M = (2, 2) gauged linear sigma model. We take the special limit described in Section 2.2, 
scaling 



D /3m 



y 



P 2 VFl 



(3^0, 



(5.52) 



with j/fi being the more standard exponentiated FI or vortex-counting parameter in 2d. We 
have also absorbed factors of 2ir in f3 and i in e (relative to the rest of this paper). In this 
limit, the blocks become 



Bl' 2 (x,y;q) 



£ 

n=0 



1 



n\e n YYi=i( ±m + 3 e . 



(5.53) 



which was the 2d vortex partition function found in [19] (see also [64]). 

The reduced 2d theory is also the effective field theory on the simplest possible half- 
BPS surface operator in 4d pure 577(2) M = 2 super- Yang-Mills theory [19, 69, 78]. The 
surface operator can be defined either in the UV (as a gauged linear sigma model) or in the 
IR (as a CP 1 sigma model). For an appropriate choice of Chern-Simons levels, the U(l)v 
symmetry that rotates the CP 1 is enhanced to SU(2)v and gauged in coupling to the bulk. 
The vortex partition function (5.53) can be obtained by placing the coupled 2d-4d system in 
an Omega background, computing the partition function, and sending the four-dimensional 
gauge coupling (or rather, the QCD scale) to zero to decouple the bulk physics. 

Finally, Tj can be engineered on an M5 brane that 
wraps a (toric) Lagrangian cycle in the noncompact 
Calabi-Yau geometry 0{-2) O(0) -> P 1 . One way to 
see this connection is to start from a D2-D4-NS5 brane 
construction of the surface operator described above 
[95], and to perform a chain of string/M-theory dual- 
ities. The toric diagram for this setup is shown in Fig- 
ure 21. There are two possible placements for the toric 
brane, corresponding to the vacua of T\. The (exponen- 
tiated) closed-string modulus which controls the size of the P 1 base corresponds to the mass 
x; while the (exponentiated) open-string modulus corresponds to the FI parameter y. The 
open-string partition functions can readily be computed using the topological vertex [96] , and 
the answers agree with the blocks (5.51), again up to theta-functions that encode background 
Chern-Simons levels. This perspective on holomorphic blocks of T\ was explored in [9]. 




1 




Figure 21. Toric geometry for T\. 



6 Blocks in Chern-Simons theory 

In this final section, we relate holomorphic blocks to path integrals in analytically continued 
Chern-Simons theory. For the three-manifold theories to which this relation applies, the 
dictionary between the two descriptions will shed light on some of the more subtle aspects of 
holomorphic blocks that we encountered in the previous sections. Moreover, the computability 
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of holomorphic blocks allows us to compute non-perturbative Chern-Simons path integrals 
that are otherwise out of reach. 

The basic connection between the two comes from M-theory. Namely, consider K M5 
branes wrapping a cycle 

M x D 2 x q S 1 C T*M x TN x q S 1 , (6.1) 

where D 2 is a cigar sitting in Taub-NUT space which is locally of the form TN ~ T*D 2 . We 
let the geometry be a fibration, with D 2 C TN rotating by an amount q when translated 
around S . Then the reduction of the M5-brane theory along M produces an effective three- 
dimensional M = 2 theory on D 2 x q S l , as in [15]; while the reduction along D 2 x q 
S 1 produces an analytically continued SU{K) Chern-Simons theory on M [18, 19]. (More 
precisely, reduction on the compact torus fiber of D 2 x q S 1 leads to twisted Af = 4 Yang- Mills 
theory on M x M + , which provides an analytic continuation of Chern-Simons theory. We will 
come back to this important detail later.) The renormalized and complexified Chern-Simons 
level k is related to the twisting of the cigar by 

q = exp(2-7upe) =: exp — — . (6-2) 

k 

The partition function of on D 2 x q S l should be equal to a partition function of 

(K) 

Chern-Simons theory on M. Both cases require additional input. For T M , we know that 
we must specify a vacuum a at the infinite end of the cigar, leading to the block B a ^ K) . In 

Chern-Simons theory we have to choose a convergent integration cycle for the analytically 
continued path integral — a middle-dimensional cycle in the space of SL(K,C) connections 
on M. A basis of cycles {T^g} is labelled by flat SL(K, C) connections A a on M, or critical 
points of the Chern-Simons functional [16, 20]. We then expect that 

B a {K) = Z^[M\, (6.3) 

1 M 

where Zq S is the Chern-Simons path integral on Tq S . 

There is an important subtlety in identifying the blocks defined in this paper with a 
Chern-Simons path integral on a cycle defined by the Lefschetz thimbles of [16] . Namely, the 
basis of such Lefschetz thimbles in Chern-Simons theory is infinite due to the non-invariance 
of the analytically continued Chern-Simons functional under large gauge transformations. In 
general, it was argued in [16] that in identifying an integration cycle with a flat connection, 
one must further specify a lift of the flat connection to the universal cover of the space of 
connections modulo topologically trivial gauge transformations. 

This situation is not dissimilar to what we have encountered in Section 3, where the 
naive action of the supersymmetric quantum mechanics was multivalued, and required a 
formulation on an infinite-sheeted cover of the scalar manifold. However, we have seen that 
three-dimensional gauge theory dictates that we interpret all lifts of a vacuum as images of 
that vacuum under large gauge transformations which are good symmetries of the theory; 
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hence we are able to compute blocks in terms of exponentiated (single-valued) variables. 
It is evident that as defined in this paper, holomorphic blocks are related to the four- or 
six-dimensional realizations of Chern-Simons path integrals with a boundary condition that 
includes contributions from all images of a single flat connection. 

A second indication of this complication is that the individual integration cycles of [16] 
associated to a single image of a flat connection are defined in such a way as to be analytic 
across \q\ = 1. In fact, they may be adjusted so as to reproduce an SU(N) Chern-Simons 
partition function for q a root of unity. Holomorphic blocks, on the other hand, are always ill- 
defined at | q | = 1, and cannot be analytically continued across the unit circle. This is not so 
surprising when holomorphic blocks are understood as a (perhaps weighted) sum over images 
of a single flat connection. In fact, in this sense, holomorphic blocks may be more similar to 
the g-deformation of two-dimensional Yang-Mills theory than to Chern-Simons theory with 
a compact gauge group, which has the same trouble at \q\ = 1. 

In spite of these complications, the general considerations of the first part of this section 
will apply independent of this detail, and the experimental tests at the end of the section will 
prove robust enough to evade any of these subtleties. 

The relationship between blocks and Chern-Simons path integrals should be very general, 
applying to any kind of three-manifold M, and also to gauge groups besides SU(K). However, 
it can be studied most concretely if we take M to have non-empty boundary and to admit 
a (topological) ideal triangulation, cf. [15, Sec 2]. For example, we can take M to be a knot 
complement. From a 6d perspective, the knot is realized as a codimension-two defect; but on 
M the defect can be regularized to the ideal boundary of a knot complement. Then at low 
energies the theory T^f (or a certain subsector thereof) is effectively described as one of the 
"class-7£" theories constructed in [15]. 25 Strikingly, this means that -2^ S [M] = B , K s can be 
expressed as a finite-dimensional block integral. 

In terms of Chern-Simons theory, the reduction of an infinite-dimensional path integral to 
a finite-dimensional block integral arises by virtue of the triangulation of M. Each B&(z; q) 
factor in the block integral (4.30) should be interpreted as the Chern-Simons wavefunction on a 
tetrahedron A, obtained by doing an infinite-dimensional path integral with fixed boundary 
conditions on dA parametrized by z. Then only finitely many degrees of freedom remain 
to be integrated out to glue the tetrahedra together. This type of "state sum" or "state 
integral" model has been used fruitfully in the past to construct other kinds of Chern-Simons 
wavefunctions, e.g. [97, 98]. 

The relation between holomorphic blocks and Chern-Simons path integrals gives an ex- 
plicit realization of the Stokes phenomena in Chern-Simons theory described by [16]. In par- 
ticular, integration cycles for Chern-Simons path integrals and contours for block integrals 
are expected to have the same Stokes jumps, so that the latter can be used to understand 
the former. Another major (potential) advantage of (6.3) is that it relates categorification in 

25 In [15], only the case K — 2 was treated, but it will be shown in upcoming work that general T^P is also 
in class 1Z. 
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Chern-Simons theory, as discussed in [18, Sec. 6], to BPS counting in a comparatively simple 
three-dimensional gauge theory. One would hope in the future to find "refined" versions of 

blocks B^, ~ ^ T H(M. 2 ;a)(~y) 2J Q 2 ~ J % e that calculate Poincare polynomials for a set of knot 
homologies labelled by flat connections a on a knot complement. 

It is natural to ask if gluing blocks to form ellipsoid partition functions -Z&[7~] or S 2 x q S 1 
indices 1\T\ for T^P has an analogue in Chern-Simons theory. To some extent, the an- 
swer is already known from [10, 15]: I[T] is a physical, non-analytically-continued SL(K,C) 
Chern-Simons partition function (with holomorphic and anti-holomorphic contributions); 
while Z\ ) \T] matches the "state integral" for Chern-Simons theory defined in [50, 99, 100] 
and reformulated in [82]. The latter is an analytically continued SL(K,M) Chern-Simons 
partition function on M with special, Teichmiiller-like boundary conditions at dM (c/. [101]). 
Both of these correspondences arise indirectly through comparison of defining properties of 
the relevant partition functions. 

Below, we review some aspects of analytic continuation in Chern-Simons theory and the 
expected relations to three-dimensional theories arising from six-dimensional constructions. 
The main goal is to obtain a complete dictionary of parameters on the two sides. Otherwise, 
there are already long and beautiful expositions of these subjects in the literature [16-18, 20, 
50]. 

We then consider some explicit examples that test (6.3) in the case of K = 2. The exper- 
imentally minded reader may wish to skip directly to these examples. We compute the blocks 
for trefoil (3i), figure-eight (4i), and 52 knot complement theories, and check the expected 
correspondence between blocks and flat connections by comparing the leading asymptotics of 
blocks to volumes of flat connections. Finally, we test a new, conjectural, non-perturbative 
relation between blocks of a knot-complement theory and the so-called "stabilization limit" 
of the colored Jones polynomial for the knot. 

6.1 Chern-Simons theory and analytic continuation 

We begin our review of analytic continuation in Chern-Simons theory and its realization 
via M = 4 super- Yang-Mills theory on a four- dimensional half-space. We collect results of 
[16-18, 20, 50] (see also [102]), where this subject is discussed in much greater detail. 

For concreteness, we consider Chern-Simons theory with real, compact gauge group 
SU(2), which has complexification SX(2,C). We also focus on simple three-manifolds with 
the topology of S 3 and an embedded knot K, C 5 3 . The knot is given an orientation and a 
framing, which is a choice of section for the unit-normal bundle of K. in S 3 , or equivalently 
a prescription for how to deform the knot to a parallel copy of itself. We will always choose 
the canonical framing in which a knot and its parallel in S 3 have zero linking number. 

There are two equivalent ways to associate compact SU (2) partition functions to the pair 
(/C, <S 3 ). First, one can perform the Chern-Simons path integral over SU(2) connections A on 
£ 3 , with the insertion of a Wilson- loop operator W/c : n(A) in the TV-dimensional irreducible 
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representation of SU{2): 

Z cs (S 3 ,)C;k,N) = j 'vAe^^'^W^NiA), (6.4) 

where Jcs(-^> j 4) is the Chern-Simons functional. The answer depends on integers k,N, 
where k = k + 2sgn(/c) is the renormalized level of the theory. Alternatively, one can excise 
the knot, forming the knot complement M = S' 3 \/C, and perform the path integral with a 
specified singularity at the knot, 



A ~ — - — d0+ regular (modulo conjugation) , (6-5) 




where 9 is an angular coordinate in the plane perpendicular to fC at a given point. This 
means that connections have a monodromy with eigenvalues x ±1//2 or — x ±1//2 , 

x := e k , (6.6) 
around an infinitesimally small loop linking the knot. Then 

Z CS (M = S 3 \)C; k,x)= f VA e ^cs(M ; A) _ (6J) 

J fixed x 

The equivalence of (6.4) and (6.7) is discussed in [103-105]. Using either definition, the path 
integral is a polynomial in qz = exp ? for every fixed N, 

Z cs (S 3 ,JC;k,N) = Z CS (M = S 3 \JC;k,x) ~ J N [K;q) =: J(x;q), (6.8) 

up to an overall normalization by the empty S" 3 partition function ^cs(<S' 3 j k). Sometimes it 
makes sense to think of these partition functions as functions of two variables x = q N and 
q, as indicated by the notation J(x; q). The set of polynomials Jat(/C; q) coincides 26 with the 
"colored Jones polynomials" of K, [106-108]. 

The basic idea of analytic continuation is to consider k and N, or x and q, to be complex 
numbers, and to promote J(x; q) to a locally analytic function. While there is no unique 
way to do this, a natural prescription is suggested by physical path integrals. The two 
realizations (6.4) (Wilson lines) and (6.7) (monodromy defects) of J(x;q) lead to slightly 
different continuations, and it is the latter that interests us, because it is ultimately related 
to the knot-complement theories Tm of [15]. 

In terms of the path integral (6.7), analytic continuation arises from formulating the 
integral over real SU(2) connections A as an integral over a real, middle- dimensional cycle 
in the space of complexified SL(2, C) connections A. Just as in finite-dimensional complex 
analysis, the integral over I\ may be dominated by contributions from several complex critical 



26 In the mathematics literature, the polynomials Jjv(/C; k) are usually normalized by dividing by the polyno- 
mial Jn{U, k) — (ijT — g~T )/(g5 — q~ 5 ) = (12 — x ~ 5 )/(q 5 — ?~ 5 ) of the unknot U C S 3 . This normalization 
is a little unnatural physically, and we will not use it. 
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points of the (now holomorphic) functional Ics(A). These critical points are flat SX(2,C) 
connections A a on the knot complement M = S 3 \)C, with fixed holonomy eigenvalues ±x^2 
around a small loop linking the knot. 2 Non-perturbatively, one can actually decompose 
Tjgi into a basis of convergent integration cycles I\ = Yl a n <x^CS' w ith each defined by 
downward gradient flow from a critical point A a with respect to the real part of ^Ics(A). 
One can then try to expand the original partition function as 

J{x;q) = J2 n a Z cs( x ;<l) > ( 6 - 9 ) 

a 

where each ZQ S (x;q) is the complexified path integral over a fixed integration cycle T^g. In 
this context, it makes sense to promote x and q to generic complex variables, and to define 
the ZQ S (x;q) as locally analytic functions. As x and q are varied in the complex plane, the 
ZQ S (x;q) may interact with each other via Stokes phenomena. 

The number of flat connections with fixed boundary conditions on a knot complement 
M = S 5 \1C is usually finite. Moreover, the flat connections can be characterized as solutions 28 
at fixed x of a two- variable polynomial 

A M (x,p) = 0, x, P £C*, (6.10) 

called the A-polynomial of the knot [109]. This equation relates the square of the holonomy 
eigenvalue x of a flat connection around a small loop linking 1C with the holonomy eigenvalue 
— p around a parallel copy of the knot in M (where the parallel copy is chosen according to 
the knot's framing). The notation here is chosen to match that of three-dimensional gauge 
theories Tm', in the knot theory literature, the holonomy variables are usually called m and 
£ (for "meridian" and "longitude"), with 

x m 2 , p <H> (6-11) 

The A-polynomial always takes the form Am(x,p) = (p + l)A^{x,p), with a canonical 
component {p + 1) corresponding to "abelian" flat connections that take values in a maximal 
torus of SX(2, C) {i.e. that are reducible). 

27 As was stated in the introduction to this section, the actual critical points argued by [16] to be relevant 
when k,N (fill are not just flat connections a in the conventional sense (counted modulo full 51/(2, C) gauge 
transformations), but flat connections modulo gauge transformations continuously connected to the identity. 
For a knot complement in S 3 , every standard flat connection gives rise to a family of Z x Z critical points. 
The contributions of different critical points in the same family to a sum such as (6.9) simply differ by 
exp(2niak + 2iribN), for integers a,b £ Z. Then, practically speaking, one still expects a formula of the 
form (6.9) to hold with a labeling standard flat connections, so long as the coefficients n a are allowed to 
contain sums of factors exp(2niak + 2nibN) when x and q are not roots of unity. As was also discussed in 
the introduction, the label a for holomorphic blocks is a standard flat connection, so that is what we focus on 
here. 

28 More precisely, the A-polynomial parameterizes flat connections on the torus boundary of a knot comple- 
ment that can be extended to flat connections in the bulk. Thus every flat connection on M maps to a solution 
to (6.10), and typically the correspondence is one-to-one, though precisely when this is true is not known. 
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Quantum mechanically, the partition functions Z cs (x; q) should be solutions to an equa- 
tion 

A M (x,p;q)Z^ s (x;q) =0, (6.12) 

where Am(x, p; q) is a polynomial in operators x,p and q (with px = qxp), that reduces to 
Am(x,p) in the classical limit q — > 1. This is the quantum version of the classical constraint 
(6.10). In fact, more than this has been conjectured to be true. Namely, it is expected that 
there exists a quantization A^(x,p; q) of just the irreducible A-polynomial A"j(x,p) that 
annihilates ZQ S (x;q) for all flat connections A a except the abelian one, 

A^{x,p;q)Z CB {x;q) = 0, a /abelian, (6.13) 

cf. [48, 82]. The irreducible A-polynomial has been systematically quantized in [82]. This 
suggests that there exists a consistent truncation of analytically continued Chern-Simons 
theory to a sector containing just irreducible flat connections. This conjecture is strengthened 
by the analysis of [16], which demonstrates that the abelian integral can never contribute to 
other Zq S (x; q) via a Stokes phenomenon. 

In the classical limit k = =P — > oo, any term Zq S (x; q) is dominated by the critical point 
that defines it, so 

Z^ q ^^v\v{A a ) , (6.14) 

where the "volume" V(A a ) of a flat connection is defined by evaluating the classical, holomor- 
phic Chern-Simons functional — sicsC^ )- For a flat connection corresponding to a hyperbolic 
metric on the knot complement M (with a deformation of the cusp at K, parametrized by 
x), the hyperbolic volume V61(M; x) and Chern-Simons invariant CS(M; x) are related to the 
holomorphic volume by 

V(A a ;x) = i(Vo\(M;x) + iCS(M;x)) + ilog\p a \&rgx + iirlogx , (6.15) 

where p a {x) is the associated solution to the classical A-polynomial A(p a ,x) = 0. Note that 
only V(A a ;x) is (locally) a holomorphic function of x. On the other hand, the quantity 
Vol(M; x) + iCS(M; x) is non-holomorphic but globally well defined up to integer multiples 
of 47r 2 . The LHS has more severe global ambiguities due to branch cuts, ultimately related 
to the extra factors discussed in Footnote 27. 

6.2 To six dimensions and back 

We now describe the chain of relations that connect Chern-Simons theory in three dimensions 
to the (2,0) theory in six dimensions, following [18]. We alternate between the purely field 
theoretic perspective and brane constructions. Our goal is simply to understand the map 
of parameters between blocks (and their fused products) and analytically continued Chern- 
Simons theory, though this requires some technology. 
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Chern-Simons from four dimensions 



The first step is a lift to four dimensions, extending Chern-Simons theory on M to N = 4 
SYM with the same (compact) gauge group, on a half-space V = M x M + . The lift provides 
a natural and physically meaningful analytic continuation of Chern-Simons theory. The four- 
dimensional theory must be topologically twisted in order to preserve some supersymmetry on 
V. The correct choice for this application is the geometric Langlands (GL) twist of [63], which 
breaks the R-symmetry group SO(6)r — > SO(3)r x SO(3)r and replaces the Lorentz group 
SO(3)e of M with the diagonal embedding in SO(3)e x SO(3)r. This twist complexifies the 
gauge connection on M with three scalars (f)^ that now transform as a one-form, 

A,, -> =A fl + W(j) fi , (6.16) 

for some w with Imw ^ 0. The twisted theory in the bulk of V = M x R + then localizes to 
field configurations that obey a flow equation in the "time" coordinate on M + . Namely, all 
fields except A^ can be taken to vanish, and this complex connection along M obeys gradient 
flow with respect to the holomorphic Chern-Simons functional 



d . 5 
ds p 5Af, 



rV 



^Ics(M;A) 



(6.17) 



where s £ [0, oo) is the coordinate on M + . This is the same gradient flow in the space of 
complex connections on M that defined Chern-Simons integration cycles, provided that the 
parameter ^ v appearing here equals —k. 

One must further specify boundary conditions for the four-dimensional path integral. At 
the infinite end, asking for finite energy requires A^ to be at a stationary point of the flow 
(6.17). Therefore, fields must approach a fixed complex flat connection A^ on M. The set 
of possible values for A^ at s = then becomes the set of solutions to gradient flow starting 
from A^ at s = oo; this is the cycle r^ s itself. 

At the origin, the appropriate boundary condition is a modified Neumann boundary 
condition that allows free oscillations of A. It is well known that a theta-term 9 V J v Tr F 2 in 
Yang-Mills theory induces a Chern-Simons coupling 9 v I C s(M; A) = 9 V J M Tr (AdA+^A 3 ) at a 
boundary M = dV, and this relationship gets complexified in the twisted ftf = 4 theory. To be 
more precise, we recall that GL-twisted M = 4 SYM has two free parameters 29 : the complex 
gauge coupling r v = |^ + ^ and the complex twisting parameter i v G CP 1 . (The GL twist 
preserves two scalar supercharges and their conjugates, and i v parametrizes the projective 
linear combination of the two charges being used as a BRST operator.) However, all physical 
correlation functions in the theory depend on only one complex "canonical parameter" 

v & 47Tit V -i V - 1 , , 

29 We decorate all the parameters here with a "V" in anticipation of an S-duality that appears below. 



The Neumann boundary condition at the origin breaks half of the supersymmetry, relating 
t v2 = t^/t v , which fixes the canonical parameter, 



UVI2 



Neumann: W = - — = — , (6.19) 
Re r v 7r 

to be real. Moreover, the complexification parameter w in (6.16) becomes pure imaginary, w = 
— ilmr v /|r v |. The correct supersymmetric coupling at s = then becomes — ^Ics(M; A), 
and the path integral on M x M + simply reduces to an integral over connections on M at 
s = 0, 

Zs YM (M x M + ; * v ) = / DA exp ( - ^I C s(M; A)) = Z^M; q) , (6.20) 
with q = e - 2 ^/* v . 

In this formula, it is clear that — ^ v plays the role 30 of the Chern-Simons level k, but 
there is no requirement that ^ v be an integer. Since M is identified as the boundary of a 
specific four-manifold V, it is not necessary to quantize the level. Indeed, even though \& v 
is real in (6.19), one can easily analytically continue (6.17) and (6.20) to any \& v € C*. We 
emphasize that this is not analytic continuation in the coupling r v of SYM, but rather in 
since the latter is what the twisted theory depends on holomorphically. 

So far the discussion has applied to a closed three-manifold M. In order to study Chern- 
Simons theory on a knot complement M = S 3 \JC, one must introduce a surface operator along 
S = K, x R + in the half-space geometry V = S 3 x IR + . 31 The surface operator preserves the 
same supersymmetry as the boundary condition at s = 0. Let us for simplicity fix the gauge 
group to be = SU(2). Then the simplest surface operator is characterized by four real 
parameters (o; v , /3 V , 7 V , rf) G M/(2vrZ) xlxlx M/(2vrZ) [111]. The first three parametrize 
a singularity of the complexified gauge connection, 

A ~ ^(q v - w-f v ) r " I ol6 + % -^- 1 1 ° ] — + (less singular) (6.21) 




2 0-1 r 



in the plane perpendicular to the surface operator; whereas r/ v is a 2d theta-angle, coupling 
to two-dimensional instanton number J s F in the path integral. (At the surface operator 
itself, the gauge group is broken from SU(2) to U(l), so J S F makes sense.) We see that the 
holonomy of A around a small loop linking the surface operator (and hence the knot /C) has 
squared eigenvalues 

x ±l = e ±2ni(o^-wY) _ ( 6 _ 22 ) 



In the above formula, we have ^ v = — k, where is a renormalized Chern-Simons level; whereas in 
the standard Chern-Simons path integrals (6.4)-(6.7), the coupling constant is the unrenormalized k. This 
discrepancy is addressed in [18], and is related to a change in the path-integral measure. 

31 This preserves the codimension of the monodromy defect at fC in Chern-Simons theory, which is appropriate 
for connecting with knot-complement theories Tm ■ An inequivalent way to analytically continue Chern-Simons 
theory with 4d SYM is to put a Wilson loop operator along K, at s = in S* 3 x R+, preserving the dimension 
of the defect. This case was studied in [18, 110]. 
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Moreover, in the case of Neumann boundary conditions at s = 0, rf must vanish. The SYM 
path integral on S 3 x M + in the presence of the surface operator should now evaluate to 

Zs YM (S 3 xI +i f> v ,7 V ) =Zc S (S\lC;x;q), (6.23) 

agreeing with the analytic continuation of Chern-Simons theory on a knot complement (6.7). 
The partition function involves a choice of flat connection A on S 3 \1C, depends holomorphi- 
cally on x and q, and is independent of j3 y . 

There is a convenient brane construction of this system in type IIB string theory. One 
considers two semi-infinite D3 branes wrapping V in the geometry T*M x 1 x R 3 that end 
on an NS5 brane that wraps M and sits at the origin of C M. Codimension-two defects 
along /C x M + can then be engineered by including further intersecting branes. 

Four dimensional S-duality 

N = 4 SYM on V has a useful S-dual description that replaces the Neumann boundary 
condition at s = with a Dirichlet-like boundary condition. In terms of type IIB string 
theory, S-duality maps the NS5-D3 brane system to a D5-D3 brane system, i.e., a stack of 
semi-infinite D3 branes wrapping V = M x M + and ending on a D5 brane. In the field 
theory, the D5-D3 boundary condition — sometimes called a Nahm pole boundary condition 
- effectively freezes out the degrees of freedom in the complex connection A at s = 0, and 
rather than appearing directly as a Chern-Simons path integral the 4d partition function 
takes the form of an instanton-counting expansion, 

Z« YM (M x R+;x;q) = ^< 6 <fx 6 . (6.24) 

a.b 

Here n a ^ is the (signed) number of solutions to certain instanton equations with 4d instanton 
number a ~ J v Tr F 2 and two-dimensional instanton number b ~ J s F. The numbers a and 
b may be fractional, as discussed in [18]; in the present case it turns out that a £ Z/2 and 
b G Z. 

As before, the S-dual description must be supplemented with a choice of flat complex 
connection at infinity on M + . There is a one-to-one correspondence between flat connections 
in the S-dual description and the original description, so we will continue using 'a' to denote 
flat connections in this dual description. Technically, the S-dual gauge group is G = SO (3) 
(with complexification PSL(2,C) rather than G v = SU(2), but the distinction is subtle and 
is not important in this paper. In particular, on a knot complement M = S 3 \K, flat PSL(2, C 
connections can always be lifted to SL(2,C) connections. 

The parameters (^, r, t) of the S-dual theory are related to those of the original as 

* = -w> r = "^' t = A tV - (6 ' 25) 

Moreover, in the presence of the Dirichlet boundary condition, we find 



t = l, * = Rer = <9/2tt 



(6.26) 



Similarly, the S-dual surface-operator parameters are 



K/3, 7 ,r7) = (r? V = 0Jt v |/^,|t v | 7 v >-« V )- (6-27) 
Therefore, the parameters q and x of the original SYM theory become 

q = e 2 ™* , x = e 27ri(7,+^[r[ T ) ^ (g_ 28 ) 

with w = — ilmr v /|r v | = — ilmr/|r|. These are the correct 4d/2d instanton-counting pa- 
rameters of the S-dual twisted SYM theory, which enter the path integral (6.24). 

Lift to six dimensions 

This can now be lifted to six dimensions. The type IIB brane construction can be T-dualized 
to a D6-D4 system in type IIA string theory, consisting of two semi-infinite D4 branes wrap- 
ping M x M + x Si in T*M x M 3 x Si, and ending on the D6 brane. In turn, this can be lifted 
to a single configuration of two M5 branes in M-theory embedded in the geometry described 
in (6.1): 

M5's: MxD 2 x q S 1 C mixTNxgS 1 . (6.29) 

A codimension-two defect along a knot fC C M can be engineered with additional intersecting 
M5 branes. To preserve supersymmetry, the additional branes wrap the conormal bundle of 
/C in T*M as well as D 2 x^S 1 . 

From a field-theory perspective, the low-energy theory of the two principal M5 branes 
is the six-dimensional (2,0) SCFT for Lie algebra A\. It is topologically twisted so that the 
Lorentz group SO(3)e x SO(2)e on M x D 2 is redefined to be the diagonal in the product 
of itself and the SO(3)r x SO(2)r subgroup of 50(5) R-symmetry. The twist preserves a 
scalar supercharge Q (and its conjugate) that has charge +1 under the unbroken SO(2)ji 
R-symmetry. In addition, a codimension-two defect along K, x D 2 x q S 1 comes with a global 
SU(2);c flavor symmetry. We denote the integer charge of states under a maximal torus 
U{1) K C SU{2) k as e. 

To recover the 4d construction from the 6d theory, one compactifies on the asymptotic 
torus of D 2 x q S 1 . The tip of the cigar generates the Nahm pole boundary condition discussed 
above, and the scalar supercharge Q coincides with that of GL-twisted SYM in the presence 
of the boundary. The modular parameter of the compactification torus, r = j3e + iflp^ 1 (cf. 
Figure 4), becomes the 4d SYM coupling. We already know, however, that neither the 4d nor 
the 6d partition functions depend on r alone. (For example, in six dimensions, nothing can 
depend on the radius p of the topologically-twisted cigar.) On the other hand, the partition 
functions should depend analytically on the canonical parameter 

qf = R eT = /3e, (6.30) 

which is just the geometric holonomy in D 2 XgS 1 . 
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The M5-brane partition function in this geometry takes the form of a BPS index with 
respect to Q [18, Sec. 6], 

Z°(M xD 2 x S 1 ; x- q) = Tr H(MxD . a) (-l) 2J e~^ H q- J+ ^ x e , (6.31) 

where R is the generator of SO(2)r and J £ generates the 5*0(2) e rotations of D 2 . 
This index should reproduce the 4d instanton partition function (6.24). Indeed, upon com- 
pactiflcation, the angular momentum J becomes 4d instanton number a and we see that it 
consistently couples to the fugacity q = e 27n *. Similarly, one can argue that the flavor charge 
e for a codimension-two defect descends to 2d instanton number 6 on a surface operator, 
and that the corresponding fugacity x is given by (6.28). Finally, the BPS partition function 
(6.31) depends on a choice of vacuum a to set the boundary condition at the infinite end of 
the cigar, fixing the Hilbert space T~L(M x D; a). This is equivalent to a choice of vacuum in 
the four-dimensional setup, i.e. a choice of flat complex connection A on M. 

Back to three dimensions 

The 6d index (6.31) is intentionally written in the same form as the BPS partition functions of 
the three-dimensional N = 2 theories that we have studied throughout this paper. By taking 
the 6d theory and reducing on M, we obtain a three-dimensional theory Tm on D 2 x q S 1 , 
whose holomorphic blocks are given by (6.31). The parameters/charges q, J, and R of the 6d 
theory are equivalent to those that appear in the three-dimensional construction. The chain 
of dualities reviewed here, however, allows us to identify q with the coupling of analytically 
continued Chern-Simons theory on M itself, 

q = e 2m ? e = e 2 ™* = . (6.32) 

Beautifully, this reaffirms the analytic dependence on Rer = /3s that we found for holomor- 
phic blocks back in Section 2.1. 

Similarly, the three-manifold theory for a knot complement M = S 3 \1C is expected to have 
an SU(2)/c flavor symmetry. The complexified twisted mass parameter x for its maximal torus 
U(l)ic C SU(2)ic has now been identified with the eigenvalue-squared (m 2 ) of the holonomy 
of a connection A at the meridian of the excised knot fC in M: 

x = exp ^27r/3m| d + ij^A^j= e ^+ w \r\i) = m 2 _ (633) 

where Ajq is the background gauge connection for U{1)]q. Finally, we see that the choice 
of vacuum a at the infinite end of the cigar in three dimensions is precisely a choice of flat 
complex connection on M, defining a Chern-Simons integration cycle. 

In [15], ideal triangulations of manifolds M were used to define simple candidate UV 
Lagrangians 32 for the low-energy limit of the associated three-manifold theory. It is important 



A direct M-theory derivation of the UV Lagrangians of [15] has been proposed in [112]. 
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to keep two things in mind about the theories Tm of [15]. First, they are gauge theories built 
using rules such as in Section 4.1, and when M is a knot complement, they always have 
a U{l)ic flavor symmetry associated to the knot. It was conjectured that this U{1)jq can 
always be enhanced to SU{2)^ at a point in the parameter space of Tm- For example, all 
compact partition functions (and, as we shall see, holomorphic blocks) of Tm are invariant 
under the inversion of the mass parameter x — > x , as would be the case for an SU(2) 
symmetry. However, further analysis along the lines of [113, 114] is necessary to verify a true 
enhancement. 

Second, the theories Tm of [15] do not know about all possible flat connections on a 
knot complement M: they only appear to have vacua a corresponding to the irreducible flat 
connections. Mathematically, this arises from the fact that reducible connections on a knot 
complement are not naturally obtained by gluing together connections on ideal tetrahedra. 
Physically, however, the interpretation of this statement has not been fully clarified. (One 
possible scenario, proposed in [15], is that in the low-energy limit of the (2,0) theory on 
MxM 2 Xq5 1 , superselection sectors develop that decouple reducible connections.) Fortunately, 
as was discussed in Section 6.1, there does appear to be a consistent truncation of analytically 
continued Chern-Simons theory that also only sees cycles corresponding to irreducible flat 
connections. It is this truncated Chern-Simons theory that should be compared to class-7^ 
constructions of Tm- 

6.2.1 Remarks on gluing 

It is of interest to find a six-dimensional description of the ellipsoid partition function and 
sphere index of a knot complement theory. For this purpose, it would be most natural to study 
the (2,0) theory on M x S% or M x S 2 XqS 1 , respectively. Unfortunately, we encounter the 
same problem as in three dimensions: the theories on S 3 and S 2 x q S 1 do not use a topological 
twist to preserve supersymmetry, and it is not clear how to implement the necessary SUSY- 
preserving modifications directly in six dimensions. Note, for example, that it is not even 
possible to topologically twist the (2, 0) theory in a geometry M x S 3 ; the R-symmetry group 
SO(5)ji is too small. 

Nevertheless, we can consider the six-dimensional analogue of the stretched construction 
studied in this paper, and find yet another way to identify parameters (x, q) and (x, q) on the 
two sides. Taking a stretched geometry (times M) as our starting point, we can reduce to four 
dimensions and study the boundary conditions and/or brane configurations that reproduce 
factorized partition functions of the form 

(0 q \g\0 q ) = \\B M (q;x)\\ 2 g = Y J B M {q;x)B a M {q-x), (6.34) 

a 

where now g £ ST(2,Z) acts as an S-duality transformation for GL-twisted super- Yang-Mills 
theory, with both the coupling r and the canonical parameter \& transforming in the usual 
way under £L(2,Z). 
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For the index, the relevant configuration is a stack of two D3 branes wrapping M and 
filling an interval /, with a D5 brane on one side and a D5 anti-brane on the other. (This is the 
analogue of the S-dual framework discussed around (6.25).) Supersymmetry is only preserved 
in this system in the limit of infinite interval length. In field theory, the bulk parameters q 
and q at the two ends are related due to the reversed orientation as q = q^ 1 , just as desired. 
More interestingly, the parameter w that complexifies connections has the opposite sign near 
the two boundaries. Consequently, the effective 2d instanton-counting parameters at the two 
ends of are x = e n+w)[T]{ ~ f and x = x = e r) ~ w ^' 1 . 

We can learn something about integration cycles for the index by dualizing to a system 
of D3 branes stretched between an NS5 brane and an NS5 anti-brane, similar to the original 
construction of Chern-Simons theory via N = 4 SYM. In the field theory, a Chern-Simons 
coupling Vl/IcsC^) is induced at the NS5 end, while a coupling — Wcs^) is induced at the 
NS5 end, with A = A — w(p. In the bulk of the (still infinite) interval, the theory localizes to 
gradient flows for A — or, equivalently, gradient flows for A. In order to have finite energy, 
the flows must spend an infinite amount of time near a flat connection 33 A a in the middle 
of the interval. Flowing away from A a toward either end of the interval produces conjugate 
integration cycles for A and A. The partition function then takes the form 

Zsym^M x I;x;q) = Y,l I VAe*&<»W) I L VAe^ 1 ^) . (6.35) 

a \^ r cs / \^ r CS / 

This is precisely the analytic continuation of the full (non-holomorphic) SL(2, C) Chern- 
Simons theory on a knot complement M, with partition function 

Zcl im {M;x;q) = J VAVAe^ 108 ^'^ 108 ^ . (6.36) 

(Note that A and A are independent complex fields in (6.35), whereas they are complex 
conjugates of each other in (6.36).) The connection between the three-dimensional index of 
Tm and SX(2,C) Chern-Simons theory on M was also discussed in [10]. 

Of course, for a finite interval the NS5-D3-NS5 system does not preserve supersymmetry 
- at least not at weak string coupling. It is unclear whether this is a serious problem in the 
low-energy effective gauge theory on the branes. For finite string coupling, it is conceivable 
that the branes can be arranged in a supersymmetry-preserving bound state. This could 
provide the geometry corresponding to an index on the untwisted S 2 x q S 1 , but for the moment 
it is just speculation. Further study in this direction should prove interesting. 

The story for the ellipsoid 5 3 (or for more general Lens spaces) is similar. To reproduce 
the partition function of Tm on S? , we should look at 4d SYM on an interval with a Neumann 
boundary condition at one end and a Dirichlet (or Nahm pole) boundary at the other. In 
terms of branes, this comes from a system of D3 branes on M x I, stretched between a D5 

33 Recall that generically there are no flows between different critical points, so a given flow can only choose 
a single A to approach to in the middle of I. 
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brane and an NS5 anti-brane, or vice versa: the boundary branes are related by the element 
g = S of SX(2,Z). For finite interval length, the system appears to break supersymmetry by 
the S-rule of [115]. For infinite interval length, supersymmetry is effectively restored, and the 
parameters (q, q) at the two ends are related by 

g = e -^)=e-^=eT. (6.37) 

Meanwhile, to understand the surface-operator parameters x, x, observe that the presence of 
both Dirichlet and Neumann boundaries forces a = ij = 0, and sets r = = 0/2tt, with zero 
imaginary part. Then x = e' r '"' 7 = el*'™ 7 at one end is transformed to 

2?= e l*W = e ™7 = x l/9 (6 _ 38) 

at the other, for (say) real and positive \&. These are precisely the expected relations for the 
ellipsoid partition function. 

6.3 Examples 

As examples of the correspondence between holomorphic blocks and Chern-Simons path in- 
tegrals, we consider three theories Tm, for M the complement of the trefoil (3i), figure-eight 
(4i), and 52 knots in S 3 . 

From the point of view of Chern-Simons theory, the meridian holonomy of a complex 
connection at the excised knot will have fixed squared-eigenvalues x , as discussed in Section 
6.1. Then the three knot complements S 3 \K. for JC = 3%, 4i, 5a admit (respectively) one, two, 
and three irreducible flat SX(2,C) connections A° . This counting is confirmed by looking at 
the (irreducible) A-polynomials of the knot complements: 

As 1 (x,p) = p — x 3 , (6.39a) 
A 4l (x, p) = p + (x 2 - x - 2 - x~ l - x' 2 ) + p~ l , (6.39b) 
A5 2 (x,p) = x 7 p 3 - x 2 (l - x + 2x 3 + 2x 4 - x 5 )p 2 -(l-2x- 2x 2 + x 4 - x 5 )p - 1 (6.39c) 

Solving Ajc{x,p) = at fixed x yields as many solutions p a (x) as there are irreducible flat 
connections. 

The theories Tjv/, as constructed using the rules of [15], will then have one, two, and 
three holomorphic blocks B a (x;q), respectively. By construction, the blocks will satisfy 
Ward identities Ajc{x,p\q) ■ B a (x;q) = 0, where the operator Ajc is a quantization of the 



- 98 - 



A-polynomial A(x,p). The quantum A-polynomials are given by [82, 116] 



3 



^3i q) = ft — q^x 3 , (6.40a) 

(x, p; q) = (q~2x — q2x~ 1 )p + (x — x~ 1 )(x 2 — x — q — q -1 — x -1 + x~ 2 ) 

+ - g^sx -1 )^ -1 , (6.40b) 
g) = q 1A (l — qx 2 )(l — q 2 x 2 )x 7 p 3 

- gl(l - gx 2 )(l - g 4 x 2 )x 2 (l - g 2 x - g 2 (l - q)(l - q 2 )x 2 + q 4 (l + g 3 )x 3 + 2q 7 x A - q 9 x 5 )p 2 

- (1 - <? 2 x 2 )(l - g 5 x 2 )(l - 2qx - q(l + q 3 )x 2 + g 2 (l - g)(l - g 2 )x 3 + q 5 x 4 - q 6 x 5 )p 
-q^(l-q 4 x 2 )(l-q 5 x 2 ). (6.40c) 



The blocks B a (x;q) provide a basis of solutions to these Ward identities with the analytic 
properties discussed in Section 4. 

Before describing the blocks of these theories, we should make a practical remark about 
the knot-complement theories Tm constructed in [15]. In general, defining the complete theory 
Tm requires a substantial refinement of the "standard" or "minimal" ideal triangulation for a 
knot complement. The reason for this is discussed in [15, Sec. 4.6]. Essentially, the minimal 
triangulation leads to UV theory that does not contain all the chiral operators Oi needed 
to break flavor symmetries and enforce the gluing of tetrahedra. These operators must be 
added to the superpotential in order for the theory to truly flow to the correct fixed point 
Tm- Nevertheless, for computing quantities like holomorphic blocks that are independent 
of superpotential deformations, we can use the "simplified" version of Tm coming from a 
minimal triangulation, and just set the parameters for the unwanted flavor symmetry to zero 
by hand. This is how we will proceed below. The simplified Tm leads to the exact same 
blocks as the more complicated true theory. 

Trefoil 3i 

We start with the trefoil knot complement M = S* 3 \3i. The minimal triangulation of M 
contains two tetrahedra, and is discussed in Appendix B. The "simplified" theory T% ± de- 
rived from this triangulation is rather degenerate. At low energies, it is just a dynamical 
U(l) Chern-Simons theory at level —1. There is a topological U(l)j flavor symmetry whose 
background multiplet is coupled to the dynamical vector multiplet via an FI term, and a 
level +2 background CS coupling is turned on for U(l)j. The exponentiated, complexified 
mass of U(l)j, denoted by x, corresponds to the squared meridian eigenvalue for the knot 
complement. 

A block integral can be found using the rules of Section 4, leading to 

f ds Oisx- 1 ) s ^ sx 1 f ds 

where 9{x) := 9(x; q) denotes the theta function first defined in Section 2.5. There is a single 
block, and since the integration is x-independent, it is easy to see that the block is annihilated 



by the quantum A-polynomial for any choice of integration cycle: 

3 g 

%*) = 4^M - q-M^-^-S^-o. (6A2) 

Also note that the block is invariant under x — > x , which reflects the Weyl symmetry for 
the meridian holonomy, and the fact that in the full theory there may be enhancement 
U(l)j -> SU(2) K . 

The integral can be performed to normalize the block. For \q\ < 1, the natural convergent 
contour T < is around the girth of the s-cylinder, at \s\ = 1 or Re S = 0. The integral merely 
picks out the zeroth Fourier coefficient: 

ft, (x; ,) - (,). £^ 4£ _ Jsfci, ,)],„ _ ^ (|,| < 1). (6.43a) 

For \q\ > 1, the natural convergent contour is parallel to the ReS direction, from one end of 
the cylinder to the other. The integrand has a full line of poles at S = in + ft(Z + which 
the contour can never cross. Numerical integration gives 

. . 1 f ds 6(s) 1 ,, , , 

B ^ ) = W^kn s sW = s^W {M>1) - (6 ' 43b) 

Figure-eight 4i 

As is discussed in Appendix B, one realization of the simplified figure-eight knot theory 
is identical to the CP 1 sigma-model of Section 5, with the topological flavor symmetry U(l)j 
"broken" by hand — so that the complexified mass (a.k.a. FI parameter) y is set to one. 
This is an oversimplified description of because there exists no operator charged under 
U(l)j that can be added to a superpotential to break the symmetry naturally. Nevertheless, 
we can use the description to write down the block integral: 

1 f ds 1 

M 4l (x; q) = —-- / — j— (qs" 1 x~ 1 ;q) 0Q (qs~ 1 x)q) 00 . (6.44) 

6(x) J* 2ms e(-q~2 S ) 

Note that we have chosen theta-functions judiciously, to allow the y — > 1 limit to exist. There 
are two vacua, and two critical points, corresponding to the two irreducible flat connections 
on the figure-eight knot complement. We already know how to find convergent contours in 
various Stokes chambers. In the semiclassical chamber T described 34 in Section 5, the two 
blocks are (cf. (5.18)) 

B\ x {x;q) = 1 — —J(x,x 2 ;q) , 

9(x)6(-q2x) , , 1 I,-, to a*\ 

y ' ^ ' \q\ < 1 or \q\ > 1, (6.45) 

Bl^x-q) = —— x J(x~\x- 2 ;q), 
9(x)9(—q 2x) 



34 This chamber was loosely described as having large positive FI parameter, \y\ ^> 1. Here, even though we 
have set y — > 1, part of the chamber still survives. This can be seen qualitatively by taking a slice of the plot 
in Figure 19 at Re Y = 0. 
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modulo factors of (q ±1 )oa- Note that, using 9{x) = 9(x~ l ), the Weyl symmetry x — > x^ 1 is 
explicitly realized in this basis of blocks. In fact, the vector U(l)y flavor symmetry of the 
simplified theory, with mass x, can obviously be enhanced to SU(2)y. The blocks (6.45) are 
solutions to the difference equation (6.40b). 

It is straightforward to check that the S-fusion sum of blocks 

2 6 [4i](X,») =£)B° (x;g)B£ (x;q) , (6.46) 

a 

with x = exp(X), q = exp(fr), x = exp(^px), q = exp(— ^f-), reproduces the output of 
the "state integral" for analytically continued Chern-Simons theory on the figure-eight knot 
complement, studied in [50, 82, 99]. In fact, different representations of the state integral were 
given in [50, 99] and [82], which were proven to be equal by [92]. The different representations 
are explicitly obtained by substituting Y = fj, y = in (5.44) and (5.45) of Section (5.5). 
Thus, they are simply associated to different Stokes chambers of T± x . Similarly, the figure- 
eight index of [10] is just Z[4i](£, m; q) = J2 a B± (x; q)B± (x; q) with the usual identification 
x = q^(,x = q2 q = q~ L . 

Knot 52 

The last example, the 52 knot complement. The simplified theory T$ 2 , obtained in Appendix 
B, is a variant of the three-dimensional CP 2 sigma-model. Namely, it is a dynamical U(l) 
gauge theory coupled to three chiral multiplets of charge +1, but with a level — ^ Chern- 
Simons coupling for the gauge field. 35 A priori, there is a U(l)j topological symmetry and 
a U(l) 2 flavor symmetry rotating the chirals. However, the complex FI term on D 2 x q 
S 1 (the mass for U(l)j) is set to zero by hand, and the only mass we turn on for the 
chirals corresponds to a U(l)y C U(l) 2 that rotates them with charges (+1,-1,0). Its 
exponentiated, complexified mass is x. We also turn on —2 units of background Chern-Simons 
coupling for U{l)y. 

Altogether, the block integral becomes 



— i — (qs 1 ;q)oo(qs X x 1 ;q) o{qs 1 x;q) c 



2iris u^-q 2 S 



-e(x) ! dS ^ qS lx 1]q " >0 °( qs lx 'g)°° ( 6 47) 
{X) J, 2iris (a; q)^ ' [ ' ' 

There are three vacua, and three relevant critical points. In a Stokes chamber where the 
theory would look like a massive semi-classical CP 2 sigma model on the Higgs branch, the 



3 The half-integer Chern-Simons level is necessary as usual to avoid an anomaly. 
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three corresponding blocks are found to be 



Bl 2 (x;q) = 9(x)g(x,x \l;g), 

B l 2 ( x ;q)= d<yX } G(x,x 2 ,x;q) , C 6 48 n 

6(—q2x) y 1 

B U^ ?) = ; ^ 7Z G{x-\x-\x- l ;q) , 
6{— q^x^ 1 ) 

modulo factors of (q ±l )oo and h, where 

G(x, y, z; q) := (qx; q )oo (qy; q )oo g ^ ^ ^ . (6.49) 

Note that the series converges and the blocks make sense both for |g| < 1 and |g| > 1, as 
usual. Also note the obvious Weyl symmetry x —> x^ 1 in this basis of blocks. The blocks are 
annihilated by the quantum A-polynomial (6.40). 

6.3.1 Asymptotics 

Let us denote the asymptotic behavior of a knot-complement theory as 

B a K (x;q) h ^°exp(lV a (x) + ...) (6.50) 

for fixed x in a given Stokes chamber. For h real (say), it does not matter whether we 
approach h — > from positive or negative values, using the \q\ < 1 or \q\ > 1 blocks. 
Since each B%(x; q) should equal the analytically continued Chern-Simons partition function 
Zg S (S 3 \lC; x; q) (where vacua a are matched with flat connections A°), then given (6.14) we 
should have 

V a (x) = V(A a (x)), (6.51) 

so that the leading asymptotics of the blocks match the holomorphic volume of the corre- 
sponding flat connection. 

Each V (x) in (6.50) can be evaluated by a saddle-point expansion of the block integral, 
evaluating the integrand of the block integral at a critical point s a (x) in the h — > limit. These 
critical points are in one-to-one correspondence with solutions p a (x) of the A-polynomial 
A)c(x,p) = 0, and thus with flat 5L(2, C) connections A a . By construction, as x varies 
locally, the K — > limit of the Ward identity forces V a {x) to satisfy the differential equation 

dV a (x) a a f X a dx' 

x — : = \ogp a (x) , or V a (x) = / \ogp a (x') — - (6.52) 

dx J x' 

for an appropriate p a {x). This is precisely the variation of the holomorphic volume of a 
connection A (cf. [117, 118]). All that remains is to match the absolute asymptotics of 
V a (x) (rather than the variation) at fixed x. 
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Although we have been unable to fix the absolute normalization of holomorphic blocks, 
the ambiguity only involves elliptic ratios of theta functions 9(±q#x; q) and constant terms 
(q^)oo. The leading asymptotic of an elliptic ratio of theta functions vanishes modulo 
and (q ,± )oo ~ exp(±7r 2 /6). Consequently, the normalization of our blocks is fixed up to 

2 

elements of ^g-Z. We can thus establish that our blocks correctly reproduce the volumes of 
flat connections modulo such shifts. (This ambiguity can be compared to an identical one 
found in computing volumes of SX(2, C) connections using oriented ideal triangulations [119].) 
Note that in different regions of parameter space, the asymptotics of a single block can be 
controlled by different critical points due to Stokes phenomena. Consequently we must always 
be sure to use a single basis of blocks which is naturally associated to the critical points in a 
given Stokes chamber. These will correspond to unique choices of flat connections. Below we 
report on the numerical evaluation of asymptotics of the blocks given above at fixed values 
of mass parameters. 

Of course, this is hardly the first situation in which the asymptotics of a finite-dimensional 
integral have been compared to volumes of flat connections. The same was done for "state 
integrals" in Chern-Simons theory — which should equal the ellipsoid partition functions 
Zb[TM) of knot-complement theories [15] — in, e.g., [50, 99, 120]. 36 Namely, it was seen that 
the saddle-point expansion of a Zi,[Tm] integral around particular critical points a (in the 
h — > limit) agrees with the holomorphic volumes of connections A a . From the point of 
view of blocks, this is no surprise. The integrands of block integrals and localized Z{,[Tm] 
integrals are identical perturbatively in h. Likewise, the H — > asymptotics of a product 
B a (x;q)B a (x;q), which appears in Zi,[Tm], are completely determined by the asymptotics 
of B a (x;q), because B a (x;q) is non-perturbative: it depends on x = x 1 ^ 1 and q = e~ 4n 
Thus, modulo (important) technicalities of Stokes phenomena, the saddle-point expansions 
of Z()[Tm] integrals ought to match the asymptotics of blocks. In principle, we could also 
compare subleading asymptotics of blocks to perturbative quantum invariants associated to 
complex flat connections. However, the procedure for doing so is straightforward, and basi- 
cally identical to that described for state integrals in [50, 120]. Since we gain no new insight 
from the comparison, there is no reason to include it here. 

Trefoil asymptotics 

Given the asymptotic expansion 

6{x;q) r ~° e -^ {logx)2 -m + ii (\ q \ < 1 or \q\ > 1) , (6.53) 

with h approaching zero along the real axis from either the positive or negative directions, 
we find for both \q\ < 1 and \q\ > 1 that Bs 1 (x; q) ~ exp [|V3 1 (x) + 0(1)] , where 

V 3l (x) = ^(logx) 2 (mod ^) . (6.54) 

36 Not to mention the construction of many ad-hoc integrals in the mathematics literature that involve 
integrands symmetric in h «-> — and produce asymptotics of colored Jones polynomials, starting with [21]. 
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This matches the known volume of the unique irreducible flat SL(2, C) connection on the 
trefoil knot complement, as well as asymptotics of Jones polynomials for the trefoil, cf. [121, 
122]. In particular, when the eigenvalue x is set to one, the volume Vol(3i) = ImV3 1 (x = 1) 
vanishes, in agreement with the fact that the trefoil is not a hyperbolic knot (so its "hyperbolic 
volume" is zero). 

Figure-eight asymptotics 

From the perspective of Chern-Simons theory, it is desirable to compute asymptotics at 
x = 1, since this should correspond to complete hyperbolic structures. However, the theory 
becomes massless in this limit and the blocks become singular exactly at x = 1; we look in a 
neighborhood of x = 1 instead. 

A saddle-point analysis of the blocks integrals (6.44) predicts 



„a , x h->0 1 

B * M ~ ^(l-x-x-^-4 eXP 



^V 4l (x;s a (x)) + 0(h°) 



(6.55) 



2 

up to an overall multiple of i and exp |^ , where 



7T 2 1 i 
V 4l (x; s) = — + -(logx) 2 + -(log(-s)) 2 + Li^rt- 1 ) + L^s^x) , 

and s a (x) are the two solutions to 



(XP f s dV4 ^ X ' S A =1 s «( x ) = -1(1 _ x _ ±].y/x 2 -2x-l- 2X- 1 + X-2 

V (J S J £ 



Note that the natural branch cuts of log and Li2 in V 4l are those expected from sending 
H — >■ along the real axis. Around the point x = exp , it can be checked numerically 37 
that (6.55) are indeed the correct asymptotics of the blocks (6.45) — both for \q\ < 1 and 
\q\ > 1, as long as h is approximately real. Note that the subleading one-loop determinant 
1/^77. in (6.55) is necessary for a reasonable comparison, because anywhere close to x = 1, 
for h real, the leading asymptotic term e v ^ h is highly oscillatory rather than exponentially 
growing or decaying. 

Working at the point x = exp -^j? , it can be determined numerically that 

, ~, ^ [-0.0043301 + 2.0298796 i a = l / vr 2 \ , 
V 4l (x;s a (x ))^{ (mod — ) , 6.56 

[0.0043301 - 2.0298796 % a = 2 v 6/ 

precisely matching the expected holomorphic volumes of the "geometric" and "conjugate" 
flat SL(2, C) connections on the figure-eight knot complement, deformed by the nontrivial 
boundary condition x (cf. [123]). The oscillatory behavior mentioned above is due to the fact 
that the real volume |ImV4 1 | is much larger than the Chern-Simons invariant |ReV , 4 1 |. Of 



7 We thank D. Zagier for some extremely helpful lessons in numerical testing of asymptotics. 
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course, we can even send x — >• 1 in (6.55) to get the exact hyperbolic volume and Chern-Simons 
invariant for the figure-eight knot at the complete hyperbolic structure, 

»(Vol(4i) + iCS(4i)) = V 4l (l,s 1 (l)) = -2 Li a (e _ T) « 2.0298832 » (mod ^) . (6.57) 

The Chern-Simons invariant vanishes, as expected. We emphasize, however, that the blocks 
themselves become singular and no longer have an asymptotic expansion governed by (6.57) 
exactly at x = 1. 

Knot 5 2 asymptotics 

A saddle point evaluation of the block integrals yields 

1 



^5 2 fa l) =, „ exp 

^(x,s a (a;)) 

2 

up to an overall multiple of i and exp |^ , where 



^V 52 (x; S Q (:r)) + O(fr ) 



(6.58) 



V 52 (x, s) = -^(logx) 2 + Li^s- 1 ^ 1 ) + Li 2 (s~ l x) - Li 2 (a) , (6.59) 

Wfa s) = s _1 (a; + x" 1 + 1 - s 2 - 2s~ l ) , (6.60) 
and s a (x) are the three solutions to 

exp ^s^-^=l {1 - s){l - sx)(l - sx' 1 ) = s 2 . (6.61) 

We find experimentally that these asymptotics hold for the blocks in the semi-classical Stokes 
chamber (6.48) as long as | log |x|| > 1.5. Otherwise, different bases of blocks (different Stokes 
chambers) must be considered. 

Again, the variation of the functions V a (x, s a (x)) match the expected variation of the 
holomorphic volume of flat SL(2, C) connections A" by construction, so in the limit x — > 1, we 
should recover the well known complex volumes of irreducible flat connections with parabolic 
meridian holonomy (unit eigenvalues), fixing the normalization of the asymptotics: 



lim Vn 2 (x, s a (x)) 

X— >1 



1.11345 + 0i a = l 

0.26574 + 2.82812 i a = 2 (mod (6.62) 
0.26574- 2.82812 i a = 3 



In particular, for the geometric flat connection (a = 2), we find the complete hyperbolic 
volume Vol(5 2 ) = 2.82812..., and the Chern-Simons invariant CS(5 2 ) = 0.26574.... 
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6.4 Stabilization and specialization 

We would now like to investigate the specialization of holomorphic blocks to quantized values 
of mass parameters: x = q N for integers N. The dictionary established in Sections 6.1-6.2 
between blocks and Chern-Simons theory suggests that for knot-complement theories Tm, 
M = S 3 \IC, this limit should have something to with the colored Jones polynomials of the 
knot JC. We will propose one way to make this connection concrete, by relating blocks to 
the so-called stabilization limit (s) of colored Jones polynomials. It requires treating blocks as 
formal series in q and q N . Subsequently, we will make a brief, intriguing observation about the 
specialization x — > q N when blocks are treated as actual functions of q and N; namely, in this 
case, the dependence of blocks both on vacua a and on Stokes chambers appears to vanish. 
Altogether, this section is experimental in its approach. We hope that our observations will 
find a deeper theoretical and physical underpinning in future work. 

We first define the stabilization limit. Given the sequence of SU (2) colored Jones poly- 
nomials { Jv(/C; g)} ArgN for a knot JC C S 3 , the stabilized limit J(fC;x;q) is constructed as 
follows [51-54]. Define the lower degree d(N) S |Z to be the smallest power of q present 
in Jtf(JC;q). Since the Jones polynomials satisfy a g-difference relation, it follows by a gen- 
eral theorem (c/. [53]) that |d(iV)| grows quadratically in N. In fact, it is often an honest 
quadratic polynomial in N, and this is the only case we will consider here. Then one can 
consider the limit of q~ d ( N l Jjv(/C;g) as iV -> oo, and generally this converges ("stabilizes") 
to a well-defined formal power series in q^: 

Jim q- d ^J N (fC; q) = j (q) = 1 + ... G Zfel] . (6.63) 

The convergence to the series jo(q) is linear in N; that is, q~ d ( N ) Jtv(/C; q) = jo(q) modulo a 
series whose minimal power of q is roughly N. Therefore, one may expect that the sequence 
Q~ N (q~ d ^ JnQC] q)—jo(q)) again converges to a well-defined ^-series limit ji(q). The process 
can (potentially) be repeated to define a formal series 

oo 

J(tC;x;q) = Y,Mq)x r , (6-64) 

r=0 

where the j n (q) are formal Laurent series in <p ; such that for every positive integer A 



lim q~ AN 



A 

rN 



q- d{N) J N ()C;q)-Y J jr(q)q 



r=0 



(6.65) 



in the ring of formal g-series. If such J(JC;x,q) exists, it is called the (lower) stabilization, or 
stable limit, of the colored Jones polynomials. 

The stable limit (6.64) has been proven to exist for all alternating knots (including the 
3i,4i,52 examples here), and conjectured to exist for all knots [54]. In addition to the 
lower stabilization just described, one can also consider an upper stabilization with similar 
properties. That is, one defines d + (N) to be the maximal power of N present in Jat(/C; q), and 
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tries to find J+(/C; x^ 1 ; q^ 1 ) = Yl^Lo jr + \q^ 1 )x~ r , with the jr (g -1 ) Laurent series in q~2 , 
such that lmijv-»oo q~ d +( N ) Jat(/C; g) — S^oJr (<?~ 1 )<Z _riV = for all positive integers 
j4, in the sense of (g _1 )-series. Since the Jones polynomials of a knot K, and its mirror image 
/C are related by J^(K\q) = Jn(K-; q^ 1 ), the lower stabilization for /C is equivalent to the 
upper stabilization for JC, and vice versa. 

Now, recall the relation (6.9) between Jones polynomials and partition functions in ana- 
lytically continued Chern-Simons theory, 

J N (IC;q) ~ ^2n a Zc S (x;q) , (6.66) 

a 

with x = q . As discussed in Section 6.1, this is a sum over all flat SL(2, C) connections 
on a knot complement M = S 3 \/C. On the other hand, we expect that the gauge theory 
Tm defined by [15] only has vacua a and blocks B^f(x;q) corresponding to irreducible (and 
in particular nonabelian) flat connections. The main reason we are presently interested in 
the stable limit of Jones polynomials is that it can effectively project out the abelian flat 
connection (and perhaps others) from the sum (6.66). Then if indeed ZQ S (x;q) = B M (x;q) 
for a irreducible, we should be able to write stabilizations J(JC;x;q), multiplied by q d ( N \ as 
sums of blocks. 

We expect that a lower (resp. upper) stable limit projects abelian flat connections out 
of colored Jones polynomials precisely when the lower (resp. upper) degrees d(N) of the 
polynomials grow quadratically — that is, d(N) ~ aN 2 + bN + c with a nonzero and negative 
(resp. positive). One motivation for this is as follows. The A J Conjecture [48] predicts that 
colored Jones polynomials satisfy an inhomogeneous recursion of the form 

A^(x,p;q)J N (lC;q) = R(x;q), (6.67) 

where A 1 ^ is a quantization of the nonabelian A-polynomial, x acts as multiplication by 
x = q , p multiplies by (—1) and sends N — > N + 1, and the RHS R(x;q) is a fixed poly- 
nomial in x = q N and q. The recursion (6.67) implies a homogeneous recursion of the form 
Am(x,p; q) Jat(/C; q) = 0, where Am is a quantization of the complete A-polynomial, including 
the abelian connection. If J(/C; x; q) is a lower (say) stabilization of Jat(/C; q), and if d(N) is 
quadratic, then it is easy to see that (6.67) also implies 

tii]{x,p- q) ■ [q d W j(1C; x; q)]=0; (6.68) 

the inhomogeneous term R(q N ; q) disappears because its degree only grows linearly in N . But 
Equation (6.68) is precisely the recursion that should be obeyed by the nonabelian functions 

abel '(x; q), suggesting that the stabilization has projected out the abelian flat connection. 
Similar remarks apply in the case of upper stabilization. 

Recall that the holomorphic blocks B M (x;q) of the gauge theory Tm also satisfy (6.68), 
with A^j interpreted as a Ward identity. In fact, the blocks provide a basis of solutions to 
the Ward identity, with certain analytic properties. Then it is natural to expect that a stable 
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series q d<yN \j {K.; x; q) can be directly written in terms of blocks. We wish to test this idea 
with our three knot examples from Section 6.3. 

Trefoil stabilization 

We start with the (left-handed) trefoil knot. The Jones polynomials are given by the formula 
[124] 38 

5jv^l (iV-l)/2 

J N (S 1]q ) = ^ r E T 6 * 2 -^" 1 " 1) • (6-69) 

Q 2 ~Q 2 fc=-(jV-l)/2 

The lower degree d(N) = ^N—l is linear, but the upper degree d+(N) = |iV 2 — 1 is quadratic, 
and it is not too hard to see that the polynomials have a trivial stabilization, stabilize to the 
upper limit 

J N (Si;q) ~ " (g " 1) _°? (-l)^^ 2 - 1 J+(3 i; q~ N - q" 1 ) , J + (3 l5 aT 1 ; q" 1 ) = 1 . (6.70) 

q 2 — q 2 

In other words, aside from a constant prefactor —(q^ 1 )oo/(q 2 — q 2 ) and the quadratic term 
qd+(N) _ g,2 Ar2_1 5 the stabilization is trivial! 

On the gauge theory side, we found that Ts x has a single block 

B ^ {x]q) = e(kw (6 ' 71) 

Upon setting x = q N , the theta function simplifies to 9{q N ;q) = q~^~ (— ; g)^, and thus 
we find that the block equals the stabilization up to simple g-dependent prefactors and a sign 
(—1)^. The sign is expected: it comes because we have used a different polarization in defining 
gauge theories Tm than is standard in Chern-Simons theory. (Put differently, our 't Hooft 
operator p is related to the standard shift operator £ of quantum A-polynomials by a sign, 
p = —£.) The simple q-dependent prefactors are also to be expected. Indeed, our construction 
of blocks only defines them modulo elliptic functions c(x;q). When specializing to x = q N , 
an elliptic function just becomes a function of q, since c(q N ; q) = c(l; q). Specifically, elliptic 
ratios of theta- functions just become factors like (±<7 , q)oo- 

Figure-eight stabilization 

The Jones polynomials of the figure-eight knot are given by [125, 126] 

J N {±r,q) = q \~ q 'l £ q-^q^qHq^q-'h- (6-72) 

q 2 -q 2 k=o 

38 We normalize the Jones polynomials so that the unknot U has Jn(U) = (q N/2 ~ q~ N/2 )/(q 1/2 — q~ 1/2 )- 
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Since the figure-eight knot is isotopic to its mirror image, the polynomials are invariant under 
q — >• q^ 1 , and upper and lower stabilizations agree. Taking the lower, we find 39 that 

J44 1 ;g)~^%^J(4 1 /; ? ), (6.73) 
q 2 — q 2 

with d(N) = —N 2 + \N and 

00 -ks k+2s 

J(4 1 ;x; 9 )= £ g ■ (6.74) 

The series (6.74) is very similar to a q-Bessel function, aside from the fact that it does not 
converge as an actual function of q and x for any x £ C* and |g| < 1, due to the large 
quadratic powers q~ ks in the numerator. It only make sense as a formal power series in x, 
whose coefficients are formal Laurent series in q. We can reproduce the series by similarly 
doing formal manipulations on blocks. 

For example, consider the second figure-eight block in (6.45). We re- write 

Bl % {x-q) = / -1 J(x-\x- 2 ;q) 



9{x)0{-q- 


.1 \ 

2 X) 


9(—q 2 x~ 


- 2 ) 


6{x)9(-q- 


' 2 x) 


9(—q 2 x~ 


- 2 ) 


9{x)9{-q 


"21) 



2^ 00 f„-k-ljl. 



rr( 2 -u 9(-q 2 x 2 ) ^ (q 



9{x)9{-q- 2 x) (?)* 



00 „-fcs„fc+2s 

E VtW" > ( 6 - 75 ) 
where the final equality is not true in the sense of functions, but makes sense for formal series. 

N 2 1 

We also substitute quadratic powers of q for the theta- functions: 9(x) — > q~~ , 9(—q~ 2 x) — > 
(—l) q 2 and in general 

9{{-l) a q b x c ;q) -> (_ x ycN q -^ N 2 -bcN _ (6 76) 

This corresponds to the specialization to s = c/^, modulo (potentially divergent) factors 
which are independent of N . As noted above, this specialization is independent of elliptic 
ambiguities. Altogether, we find 

to^-DV^f^, (0.77, 
in agreement with the stabilization up to the same sign correction (— 1) and g-prefactors. 



39 At this point, we must thank S. Garoufalidis and D. Zagier for discussing and sharing data on stabilizations 
with us, including the formula for the figure-eight knot here. This formula led to the initial realization that 
stabilizations should be connected to blocks. 
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Curiously, we could also have obtained (6.77) by applying formal power-series identities 
to the first figure-eight block in (6.45). It could also have been obtained by using any of the 
blocks in the other two Stokes chambers of the theory! When allowing formal identities and 
forgetting about the functional meaning of the blocks, the dependence on different vacua a 
and on Stokes chambers disappears. It is not yet clear what this means, or how general a 
phenomenon it is. 

Knot 52 stabilization 

Finally, the colored Jones polynomials of the 5 2 knot also have a lower stable limit with 
quadratic growth. By using formulas of [126], we find experimentally that 

Jn{W, g) - t%(-i) V^ 2+JV+1 J(5 2 ; g N ; g) , (6.78) 

with 

J(5 2 ;x;g) = V ^ . (6.79) 

r ^U (1 r )k(q)r(g)s 

Just like for the figure-eight knot, this formal series does not converge to an actual function. 
To reproduce it, we can take (say) the third block of (6.48), and manipulate it as 



12 



x q -k(k+l)-(r+s)k T r+2(s+k) 



B(x) _! _ 2 ^ X 



B l 2 ( x ;q) = — — i — 1 ;g)o D (gx 2 ;g)ooV 

Hi — n^T^ll 



-k 



^x~ l ) '' ' (M ^kigx 1 ; q)oo(qx 2 ;g)oo 

q-k(k+l) (g-fc- 1 ^; q~ 1 ) 00 (q~~ k ~ l x 2 ; g _1 )oo x 2k 



'3G 



9(x)9(-g2x- 2 )Y^ 



k=0 



{q 



-v 



k 



i 



" 6(x)6(-g^x- 2 ) J(5 2 ;x;g) 
q-l N2 + N J(5 2 ;x;q), (6.80) 



where in the penultimate line we formally expanded a series in x, and in the last line we 
specialized theta-functions as in (6.76). 

Specialization 

We have observed experimentally that by using formal manipulations of (q, x)-series, the 
blocks of a knot complement theory Tm reproduce stable limits of Jones polynomials. We 
also observed, at least in the limited examples here, that the stable limit could be reproduced 
from a single block rather than a sum as in (6.66); and sometimes it does not matter which 
block -B^(x; q) is used in this process. 

We have spent much of this paper considering questions for which blocks B a (x; q) should 
define honest functions of x and q. The above examples suggest that it might be interesting to 
consider directly the specialization x — > q , for N £ Z, in these honest functions — without 
doing any formal manipulations or rearrangements of power series. We have investigated this 
limit for the 4i and 5 2 knots and found yet another curious result. 
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Let us take the three blocks (6.48) of the 52 knot, specialize theta-functions using (6.76) 
(recall that this specialization is canonical, independent of any extra elliptic-function pref- 
actors in the blocks), and set x = q . We obtain three (/-series that are all convergent as 
functions and equal: 

q -^G( q N , q ~ N ,l; q ) = (-#5(^, ? 2 Y; 9 ) = (-l) N q ^G( q - N , q - 2N , q - N ; q ), 

(6.81) 

for \ q \ < 1 and all N € Z. We tested these identities numerically. When \q\ > 1, all three 
sums (6.81) diverge at N £ Z, but if we take N to be a continuous variable then the ratio of 
any two sums converges to one as N approaches integers. 

We can consider a similar specialization to x = q N for the figure-eight knot as well, and 
obtain the same type of result. It is even more interesting to look at the blocks of the original 
CP 1 sigma-model. Recall that this theory has two mass parameters x,y, and that setting 
y = 1 recovers the figure-eight blocks. We can then set x = q N and y = q K , for integers N 
and K, and rewrite any theta-function prefactors again using essentially (6.76). We find that 
all blocks, in all chambers investigated in Section 5, become equal. For example, at \q\ < 1 
the six blocks written in Section 5 specialize to three distinct sums, 

(-l) N q N2 - KN -%J(q N - K ,q 2N ;q) = (-1) N q N2+KN+ f J ( q ~ N ~ K , q~ 2N ; q) (6.82) 

= (-i) K Q^-^J( q K+N , q K - N ; q ), 

which are equal for all N,K G Z. This equality of specialized blocks in different chambers 
is not inconsistent with linear (Stokes) transformations of the exact blocks found in Section 
5, because we have rewritten theta-function prefactors using (6.76) rather than substituting 
(x,y) = ( q N , q K ) in their arguments directly. 

Based on these observations, one might hypothesize that when specializing the holomor- 
phic blocks of a knot complement theory Tm to quantized x = q N — or more generally when 
specializing the blocks of any J\f = 2 SCFT to quantized masses xi = q * — the dependence 
on flat connection (or vacuum) and Stokes chamber vanishes. One would then be left with 
a unique specialized block Bn(<j) as a well-defined function of ./V and q inside or outside 
the unit circle. The physical basis for this unification of blocks is still under investigation. 
It is reminiscent of topological string constructions which are obtained by large ./V duality, 
the Kahler parameters (which become mass parameters in an effective QFT description) are 
frequently quantized in units of the string coupling. 
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A Three-dimensional supersymmetry and BPS indices 

In this appendix, we briefly review some details of the BPS index for a theory with N = 2 
supersymmetry in three-dimensions. The N = 2 supersymmetry algebra in three dimensions 
follows from dimensional reduction of the N = 1 algebra in four dimensions. We adopt the 
conventions of [127], and take the signature to be (— , +, +, +). In four dimensions, the four 
supercharges are grouped into a pair of two-component Weyl spinors Q a , Q a of opposite 
chirality that obey 

{Q a ,Q a } = 2a^P m , (A.la) 

{Q«,Qp} = {Qa,Q$} = o, (A.ib) 

where m = 0,1,2,3. Here <r° = I and a m are the Pauli matrices for m = 1,2,3. Hermitian 
conjugation is such that Q a = Q a . 

The little group for massive states in four dimensions is SO(3)e ~ SU(2)e, under which 
the supercharges both transform in spin-| representations. Specifically, letting J3 be the 
generator of rotations in the 1 — 2 plane, we have 

[J3,Qi] = ~Qi [J3,Q2] = -\q2, [J3,Qi} = -\Qi [Js,Qi] = lQi- (A.2) 

In addition, there is an R-symmetry U(1)r with respect to which the supercharges have 
charge ±1, 

[R,Qa]=Qa, [R,Q a ] = -Q a . (A.3) 

It's most convenient to reduce to three dimensions along the m = 3 direction. The m = 3 
component of the momentum becomes a real central charge, P3 = Z. Massive states in three 
dimensions transform under the little group SO(2)e, whose generator is J3. It is customary 
to label the spinor indices a = (+, — ) and a = (—,+), so that 

[J 3 ,Q±] = ±Iq±, [J 3 ,Q ± ]=±ig±. (A.4) 

Also, the R-symmetry descends in a trivial manner to a three-dimensional R-symmetry. 

We see from the above commutation relations that the combination J3 + commutes 
with a pair of supercharges (Q_, Q + ), while J 3 — ^R commutes with (Q+, Q_). Each of 
these pairs are Hermitian conjugates, and we obtain 

{Q_,Q + } = 2(P°-Z) =:H+, {Q + ,Q_} = 2(P + Z)=:H_, (A.5) 
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while 

Ql = Ql = . (A.6) 

The positive-definiteness of H± leads to the a BPS bound P° > \Z\. 
We can construct two different BPS indices from this algebra, 

Z + (p-q)=Tre- pH +(-l) 2Jz q- j3 -2, X~ (/3; q) = TV e~ pH - (-l) 2j3 g~ j3+ 2 . (A.7) 

Let us assume that we have regularized the theory so that the spectrum of the operator in 
the trace is discrete. Then in the case of I + ({3;q), the only states that contribute are those 
annihilated by both Q_ and Q, . Otherwise, the contributions from a state \tp) and (say) 
Q + \if)) will cancel each other out, because Q + commutes with — J3 — R and anti-commutes 
with (— l) 2 ^ 3 . Therefore, the index I + (/3; q) only receives contributions from BPS multiplets. 
Indeed, the Hamiltonian H+ also annihilates all states that contribute, meaning P° = Z, 
which is the BPS condition. Similarly, the index I~(/3;q) only receives contributions from 
anti-BPS multiplets, i.e. those annihilated by Q+ and Q_, and satisfying P° = —Z. 

Both indices are independent of (3. Furthermore, it is useful to observe that neither D- 
term nor F-term (superpotential) deformations of a theory can affect the indices. For example, 
a superpotential deformation amounts to an insertion of some operators / d 2 6 O and / d 2 9 O 
in the indices. These can be written as {Q~, [Q+, A]} and {Q + , A]}, respectively, for an 
appropriate A, and thus vanish inside both indices. An analogous argument shows invariance 
under D-terms. 

Note that instead of (— l) 2J:i we could use (— 1)^ in I^{f3]q) to produce indices with 
the same essential properties. In fact, the simple replacement q — > —q implements this 
modification. This is the relevant situation for holomorphic blocks. When R is not integer- 
valued, (— 1) R means e t7rR . 

B Combinatorics of triangulated knot complements 

In this appendix, we provide combinatorial details for the knot complement examples of 
Section 6. In particular, we derive the simplified theories Tm for the trefoil (3i), figure- 
eight (4i) and 52 knot complements. It was discussed in Section 6 that these simplified 
theories — corresponding to minimal triangulations of the knot complements — are somewhat 
degenerate, and are missing operators necessary to break some flavor symmetries. The real 
masses for these flavor symmetries are set to zero by hand. 

Our notation follows [15] and [10]. The logarithm of the squared meridian eigenvalue 
(m) is called X = logm 2 = U. The logarithm of the longitude eigenvalue (£) is called 
P = log(-£) = v. 

Trefoil 3i 

The minimal triangulation of the trefoil knot complement has two tetrahedra. Call the 
logarithmic shape parameters (complexified dihedral angles) of the tetrahedra Z, Z' , Z" and 
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(B.l) 



W, W , W" . The coordinates denning the gluing, obtained from SnapPy [128], can be written 

as 

X = -Z" + W" 

d = z + w 

C 2 = Z + 2Z' + 2Z" + W + 2W + 2W" 
P = i(3Z + Z' - 3Z" -W-W + 3W") - in 

where C\ and C2 are the sums of angles around the two internal edges. The semiclassical 
gluing constraint is C\ = C2 = 2iri + H. We ignore the redundant constraint C2 = 2ni + H; 
use the relations Z + Z' + Z" = W + W + W" = in + K/2 to eliminate Z' and W; and define 
a momentum coordinate T = W" conjugate to C\. Then the equations are re- written as 



ft 

2 > 



(Cx 



\ 



2ni 
X 

r 

p 



J 



(1 1 o\ / z \ 
00-11 w 
0001 z" 

\l -2 2/ \W'7 



/"2\ 



V-V 



(B.2) 



This defines an affine symplectic transformation in the space of shape parameters. The 
Sp(4,7j) matrix appearing here, which we can call g3 ± , decomposes into generators as 



(\ 1 o\ 
00-11 
0001 

\1 -2 2) 



/iooo\ /100 o \ /no o\ 

0100 000-1 1000 

0010 0010 0001 

\o 2 1/ \o 1 / \o 1 -1/ 



(B.3) 



The combinatorial data in (B.1)-(B.3) translates directly into a class- 1Z construction of 
the simplified trefoil theory Ts x ■ In general, for a triangulation of a knot complement M into 
N tetrahedra, the prescription of [10, 15] dictates that one should (c/. Section 4.1) 



1. Tensor together N chiral theories 2a, obtaining Ta x 
symmetry and a level — \ CS coupling for each U(l). 



T An , with U(1) N flavor 



Apply the Sp{2N,'L) symplectic matrix g as in (B.3) to the product theory. In partic- 
ular, 



u 



) , with U S GL(N), act by linear redefinitions 



2a. Generators with block type (' Q v -it 
of the U(1) N flavor group. 

2b. Generators with block type (^5)' w ith B symmetric, add background CS cou- 
plings with a level matrix kij = B^. 

2c. 5-type generators containing pieces that look like ( \ ^ ) gauge a C/(l) with an FI 
coupling to the background vector multiplet of a new topological U(l)j. 



3. Affine shifts, as on the RHS of (B.2), are relevant for theories on compactified spaces. 
On D 2 x q S 1 , shifts in "position" coordinates (the top half of the shift vector) add units 
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of flavor current to the R-current (shifting the Wilson lines of flavor symmetries by 
—iir— |). Shifts in "momentum" coordinates (the bottom half of the shift vector) act 
by adding mixed Chern-Simons contact terms between the background R-symmetry 
and flavor symmetry fields. 

4. Finally, operators Oc t must be added to a superpotential to break the flavor symmetry 
associated to each internal-edge coordinate Cj. If these operators exist, they automati- 
cally have R-charge Rq = 2 by virtue of the affine shifts in Step 3. 

After applying this prescription to the trefoil triangulation and letting the dust settle, 
we find a dynamical U(l) gauge theory with two chiral multiplets (f> z ,i>w The chirals have 
charges (+1, —1) under the U(l) s gauge symmetry, and R-charges (+1,+1). An axial flavor 
symmetry U(1) C1 is broken by a superpotential coupling Oc 1 = <fiz4>w (There is no operator 
Oq 2 corresponding to the edge C2, which is why this theory is not complete.) There remains 
a topological U{l) x flavor symmetry. There are +2 units of CS coupling for U(l) x , —1 unit 
for U(l) s , and an FI term coupling U(l) x and U(l) s ; in total this can be encoded in the CS 
coupling matrix 



1 



V s ^s + V S T, X + V x V a 



(B.4) 



Due to the superpotential interaction, we expect to be able to integrate out the chirals at low 
energies. No (net) anomalous Chern-Simons couplings are generated. 

Figure-eight 4i 

The minimal triangulation of the figure-eight knot also has two tetrahedra. Give them shape 
parameters Z and W. The gluing coordinates from SnapPy are 



d = W + 2W" + Z + 2Z" 
C 2 = W + 2W' + Z + 2Z' 
X = -W + Z" 

P = l(-W - 3W' + W" + Z + Z 1 + Z") . 



(B.5) 



We forget the redundant edge C 2 , eliminate Z' and W using Z + Z' + Z" = W + W + W" = 
iir + |, and (arbitrarily) choose a "momentum" coordinate Ti canonically conjugate to Ci, 
to arrive at the affine symplectic transformation 

(Ci -2m-h\ I Z \ 

X W 
1 1 



V 



Z" 
\W"J 



+ {m + |) <r 4l , 



(B.6) 
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The combinatorial data in (B.7) leads to a simplified theory T± x that is a specialization 
of the CP 1 sigma-model. Namely, it is a dynamical U (1) gauge theory with no Chern-Simons 
terms, coupled to two chiral multiplets both of charge +1. The R-charge of each chiral is 
zero. The vector U(l)y flavor symmetry has an associated complexified mass x = expX, 
while the U(l)j should be broken by operators Oc x and Oq 2 hi the superpotential. These 
operators do not exist in the simplified theory, so instead we set the FI term (the mass of 
U(l)j) to zero by hand. In fact due to an affine shift, the data (B.7) dictates that we set the 
FI term not to zero but to — itt — | (i.e. giving a nonzero theta angle), where iir + h/2 is the 
Wilson line of the R-symmetry at the tip of D 2 XgS 1 . 

Knot 52 

The minimal triangulation for the 52 knot has three tetrahedra. Give them shape parameters 
Z,W,Y. From SnapPy we find gluing coordinates 

d =W + W" + y' + 2Y" + Z + Z" 
C 2 = W' + W" + 2Y + Z' + Z" 

C 3 =W + W' + Y' + Z + Z' (B.8) 

X = -W + Y" + Z" 

P =w' + 2W" + Y + Z + Z' - 2ni - h . 

Then, after removing the redundant edge C3, solving for Z' , W' , Y' using Z + Z' + Z" = itt + | 
(etc.), and choosing (arbitrarily) conjugate momenta Ti and T2 for C\ and C2, we obtain the 
affine symplectic transformation 



(C\ - 2iri - h\ 
C 2 -2-Ki-h 
X 
Fi 

r 2 
p 



(1 1 -1 1 1 1\ 
-1-12 000 
010111 

10 3 12 
10 2 12 
V -1 1 -110/ 



( Z \ 

w 

Y 
Z" 
W" 
\Y"J 



+ 1^ + 3, 



/-A 


-1 





V y 
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This can be written more nicely as 

X = g*[g 52 -Z+(iir + 1)a 52 ] , 
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where X = (d - 2m -H,C 2 - 2m - H, X, ...) T , Z = (Z, W, Y, Z", W", Y") T ', and 
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(B.ll) 

whereas g* £ Sp(6,Z) simply mixes around and adds Chern-Simons levels for flavor symme- 
tries U{l)c x and U(l)c 2 that will be broken at the end of the day — so it is irrelevant for 
the calculation. 

The gauge theory obtained from the data (B.ll) is a dynamical U(l) gauge theory coupled 
to three chiral multiplets all of charge +1. The R-charge of each chiral is zero. There is a level 
— \ CS coupling for the gauge field, and a level —2 CS coupling for a U(l) flavor symmetry 
(associated with the complex mass x = e ) under which the chirals have charges (+1,-1,0). 
The internal edges C\ and C2 correspond a U(l) flavor symmetry that rotates the chirals 
with charges (0, +1,0), and the topological U{l)j. The expected operators Oc 1 and Oc 2 
(and Oc 3 ) needed to break them do not exist, so instead we set the corresponding masses 
to zero by hand. Due to a previous affine shift, this results in a fixed theta angle in + | (as 
opposed to zero) for the dynamical gauge field. 



References 

[1] A. Kapustin, B. Willett, and I. Yaakov, Exact Results for Wilson Loops in Superconformal 
Chern-Simons Theories with Matter, JEEP 1003 (2010) 089, [arXiv: 0909. 4559]. Published 
in: JHEP 1003:089,2010 32 pages. 

[2] N. Hama, K. Hosomichi, and S. Lee, SUSY Gauge Theories on Squashed Three-Spheres, 
arXiv: 1102.4716. 

[3] Y. Imamura and S. Yokoyama, Index for three dimensional superconformal field theories with 
general R-charge assignments, arXiv : 1101 . 0557. 

[4] G. Festuccia and N. Seiberg, Rigid Supersymmetric Theories in Curved Superspace, JHEP 
1106 (2011) 114, [arXiv: 1105.0689]. 

[5] T. T. Dumitrescu, G. Festuccia, and N. Seiberg, Exploring Curved Superspace, 
arXiv: 1205. 1115. 

[6] V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric Wilson loops, 
arXiv: 0712. 2824. 

[7] S. Kim, The complete superconformal index for N=6 Chern-Simons theory, Nucl. Phys. B821 
(2009) 241-284, [arXiv: 0903. 4172]. 

[8] A. Kapustin and B. Willett, Generalized Superconformal Index for Three Dimensional Field 
Theories, arXiv: 1106.2484. 

[9] S. Pasquetti, Factorisation of N = 2 theories on the squashed 3-sphere, arXiv: 1111 . 6905. 



- 117- 



T. Dimofte, D. Gaiotto, and S. Gukov, 3-Manifolds and 3d Indices, arXiv: 1112.5179. 

A. Iqbal and C. Vafa, BPS Degeneracies and Superconformal Index in Diverse Dimensions, 
arXiv: 1210.3605. 

G. Lockhart and C. Vafa, Superconformal Partition Functions and Non-perturbative 
Topological Strings, arXiv : 1210 . 5909. 

S. Cecotti and C. Vafa, Topological- anti-topological fusion, Nucl. Phys. B367 (1991), no. 2 
359-461. 

D. L. Jafferis, The Exact Superconformal R-Symmetry Extremizes Z, arXiv: 1012.3210. 

T. Dimofte, D. Gaiotto, and S. Gukov, Gauge Theories Labelled by Three- Manifolds, 
arXiv: 1108.4389. 

E. Witten, Analytic Continuation of Chern- Simons Theory, arXiv : 1001 . 2933. 

E. Witten, A New Look At The Path Integral Of Quantum Mechanics, arXiv : 1009 . 6032. 

E. Witten, Fivebranes and Knots, arXiv : 1101 . 3216. 

T. Dimofte, S. Gukov, and L. Hollands, Vortex Counting and Lagrangian 3-manifolds, 
arXiv: 1006.0977. 

S. Gukov, Three- Dimensional Quantum Gravity, Chern-Simons Theory, and the 
A-Polynomial, Commun. Math. Phys. 255 (2005), no. 3 577-627, [hep-th/0306165vl]. 

R. M. Kashaev, The hyperbolic volume of knots from quantum dilogarithm, Lett. Math. Phys. 
39 (1997) 269-265, [q-alg/9601025v2]. 

H. Murakami and J. Murakami, The colored Jones polynomials and the simplicial volume of a 
knot, Acta Math. 186 (Jan, 2001) 85-104, [math/9905075v2]. 

N. Nekrasov and E. Witten, The Omega Deformation, Branes, Integrability, and Liouville 
Theory, JHEP 9 (2010) 092, [arXiv: 1002.0888]. 

T. Dimofte and S. Gukov, Chern-Simons Theory and S-duality, arXiv : 1106 . 4550. 

S. Cecotti, A. Neitzke, and C. Vafa, R-Twisting and 4d/2d Correspondences, 
arXiv: 1006.3435. 

D. Martelli and J. Sparks, The nuts and bolts of super symmetric gauge theories on biaxially 
squashed three- spheres, arXiv: 1111 .6930. 

J. Gomis and S. Lee, Exact Kahler Potential from Gauge Theory and Mirror Symmetry, 
arXiv: 1210.6022. 

F. Benini and S. Cremonesi, Partition functions of N=(2,2) gauge theories on S2 and vortices, 
arXiv: 1206.2356. 

N. Doroud, J. Gomis, B. L. Floch, and S. Lee, Exact Results in D—2 Super symmetric Gauge 
Theories, arXiv: 1206.2606. 

H.-C. Kim, S.-S. Kim, and K. Lee, 5-dim Superconformal Index with Enhanced En Global 
Symmetry, arXiv : 1206 . 6781. 

E. Witten, Supersymmetry and Morse Theory, J. Diff. Geom. 17 (1982), no. 4 661-692. 
K. Hori, A. Iqbal, and C. Vafa, D-Branes And Mirror Symmetry, hep-th/0005247v2. 



- 118 - 



E. Witten, SL(2,Z) Action On Three-Dimensional Conformal Field Theories With Abelian 
Symmetry, hep-th/0307041v3. 

M. Petkovsek, H. S. Wilf, and D. Zeilberger, A=B, A.K. Peters, Wellesley, MA (1996) 
xii+212. 

A. Strominger, Special geometry, Comm. Math. Phys. 133 (Jan, 1990) 163. 

R. Gopakumar and C. Vafa, M- Theory and Topological Strings-I, hep-th/9809187vl. 

R. Gopakumar and C. Vafa, M-Theory and Topological Strings-II, hep-th/9812127vl. 

H. Ooguri and C. Vafa, Knot Invariants and Topological Strings, Nucl. Phys. B5777 (Jan, 
2000) 419-438, [hep-th/9912123v3]. 

R. Dijkgraaf, C. Vafa, and E. Verlinde, M-theory and a Topological String Duality, 
hep-th/0602087vl. 

C. Closset, T. T. Dumitrescu, G. Festuccia, Z. Komargodski, and N. Seiberg, Contact Terms, 
Unitarity, and F -Maximization in Three- Dimensional Superconformal Theories, 
arXiv: 1205.4142. 

C. Closset, T. T. Dumitrescu, G. Festuccia, Z. Komargodski, and N. Seiberg, Comments on 
Chern-Simons Contact Terms in Three Dimensions, arXiv : 1206 . 5218. 

M. Aganagic, R. Dijkgraaf, A. Klemm, M. Marino, and C. Vafa, Topological Strings and 
Integrable Hierarchies, Commun. Math. Phys. 261 (2006), no. 2 451-516, [hep-th/0312085vl]. 

A.-K. Kashani-Poor, The Wave Function Behavior of the Open Topological String Partition 
Function on the Conifold, JEEP 0704 (2007) 004, [hep-th/0606112v4]. 

M. C. Cheng, R. Dijkgraaf, and C. Vafa, Non-Perturbative Topological Strings And Conformal 
Blocks, JEEP 1109 (2011) 022, [arXiv: 1010.4573]. 

R. Dijkgraaf, L. Hollands, P. Sulkowski, and C. Vafa, Super symmetric Gauge Theories, 
Intersecting Branes and Free Fermions, JEEP 0802 (Jan, 2008) 106, [arXiv: 0709. 4446]. 

M. Aganagic, A. Neitzke, and C. Vafa, BPS Microstates and the Open Topological String 
Wave Function, Adv. Theor. Math. Phys. 10 (2006) 603-656, [hep-th/0504054vl]. 

M. Aganagic and K. Schaeffer, Refined Black Eole Ensembles and Topological Strings, 
arXiv: 1210. 1865. 

S. Garoufalidis, On the Characteristic and Deformation Varieties of a Knot, Geom. Topol. 
Monogr. 7 (2004) 291-304, [math/0306230v4]. 

S. Garoufalidis and T. T. Le, The Colored Jones Function is q-Eolonomic, Geom. Topol. 9 
(2005) 1253-1293, [math/0309214v3]. 

T. Dimofte, S. Gukov, J. Lenells, and D. Zagier, Exact Results for Perturbative Chern-Simons 
Theory with Complex Gauge Group, Comm. Num. Thy. and Phys. 3 (2009), no. 2 363-443, 
[arXiv: 0903. 2472]. 

S. Gukov and D. Zagier, Unpublished communication, . 

O. T. Dasbach and X.-S. Lin, On the Eead and the Tail of the Colored Jones Polynomial, 
Compositio Math. 142 (2006), no. 5 1332-1342, [math/0604230vl]. 



- 119 - 



S. Garoufalidis, The Jones slopes of a knot, Quant. Topol. 2 (2011) 43-69, [arXiv: 0911 . 3627]. 

S. Garoufalidis and T. T. Q. Le, Nahm sums, stability and the colored Jones polynomial, 
arXiv: 1112.3905. 

S. Gukov, A. Schwarz, and C. Vafa, Khovanov-Rozansky Homology and Topological Strings, 
Lett. Math. Phys. 74 (Dec, 2005) 53-74, [hep-th/0412243v3]. 

H. Fuji, S. Gukov, and P. Sulkowski, Super- A-polynomial for knots and BPS states, 
arXiv: 1205. 1515. 

H. Fuji, S. Gukov, and P. Sulkowski, Volume Conjecture: Refined and Categorified, 
arXiv: 1203.2182. 

H. Fuji, S. Gukov, M. Stosic, and P. Sulkowski, 3d analogs of Argyres-Douglas theories and 
knot homologies, arXiv: 1209. 1416. 

E. Barnes, The Genesis of the Double Gamma Functions, Proc. London Math. Soc. 31 (1899) 
358-381. 

L. D. Faddeev, Discrete Heisenberg-Weyl Group and Modular Group, Lett. Math. Phys. 34 
(1995), no. 3 249-254. 

O. Aharony, A. Hanany, K. Intriligator, N. Seiberg, and M. J. Strassler, Aspects of N=2 
Super symmetric Gauge Theories in Three Dimensions, Nucl. Phys. B499 (1997), no. 1-2 
67-99, [hep-th/9703110vl]. 

E. Witten, Phases of N=2 Theories In Two Dimensions, Nucl. Phys. B403 (1993) 159-222, 
[hep-th/9301042v3]. 

A. Kapustin and E. Witten, Electric- Magnetic Duality And The Geometric Langlands 
Program, Comm. Num. Th. and Phys. 1 (2007) 1-236, [hep-th/0604151v3]. 

S. Shadchin, On F-term contribution to effective action, JHEP 08 (Jan, 2007) 052, 
[hep-th/0611278vl]. 

N. A. Nekrasov, Seiberg- Witten Prepotential From Instanton Counting, Adv. Theor. Math. 
Phys. 7 (Dec, 2004) 831-864, [hep-th/0206161vl]. 

N. A. Nekrasov and S. L. Shatashvili, Super symmetric vacua and Bethe ansatz, Nucl. Phys. B, 
Proc. Suppl. 192-193 (2009) 91-112, [arXiv: 090 1.4744]. 

N. A. Nekrasov and S. L. Shatashvili, Quantization of Integrable Systems and Four 
Dimensional Gauge Theories, 16th International Congress on Mathematical Physics, Prague, 
August 2009 (World Scientific 2010) (2009) 265-289, [arXiv: 0908. 4052]. 

L. F. Alday, D. Gaiotto, and Y. Tachikawa, Liouville Correlation Functions from 
Four- Dimensional Gauge Theories, Lett. Math. Phys. 91 (2010), no. 2 167-197, 
[arXiv: 0906. 3219]. 

L. F. Alday, D. Gaiotto, S. Gukov, Y. Tachikawa, and H. Verlinde, Loop and Surface 
Operators in N—2 Gauge Theory and Liouville Modular Geometry, JHEP 1001 (2010) 113, 
[arXiv: 0909. 0945]. 

C. Kozcaz, S. Pasquetti, and N. Wyllard, A & B model approaches to surface operators and 
Toda theories, JHEP 1101 (2011) 045, [arXiv : 1004 . 2025]. 



- 120 - 



M. Aganagic and M. Yamazaki, Open BPS Wall Crossing and M-theory, Nucl. Phys. B834 
(2010) 258-272, [arXiv: 0911 .5342]. 

H. Jockers, V. Kumar, J. M. Lapan, D. R. Morrison, and M. Romo, Two-Sphere Partition 
Functions and Gromov- Witten Invariants, arXiv : 1208 . 6244. 

F. Benini, T. Nishioka, and M. Yamazaki, 4d Index to 3d Index and 2d TQFT, arXiv (2011) 
[arXiv: 1109.0283]. 

J. Kallen, Cohomological localization of Chern-Simons theory, arXiv: 1104.5353. 

K. Ohta and Y. Yoshida, Non-Abelian Localization for Super symmetric 
Yang- Mills- Chern-Simons Theories on Seifert Manifold, arXiv: 1205.0046. 

J. Kinney, J. Maldacena, S. Minwalla, and S. Raju, An Index for 4 dimensional Super 
Conformal Theories, Commun. Math. Phys. 275 (2007) 209-254, [hep-th/0510251v4]. 

J. Bhattacharya, S. Bhattacharyya, S. Minwalla, and S. Raju, Indices for Super conformal 
Field Theories in 3,5 and 6 Dimensions, JEEP 0802 (2008) 064, [arXiv: 0801 . 1435]. 

S. Gukov and E. Witten, Gauge Theory, Ramification, and the Geometric Langlands Program, 
Curr. Devel. Math. 2006 (Dec, 2008) 35-180, [hep-th/0612073v2]. 

D. Gaiotto, G. W. Moore, and A. Neitzke, Framed BPS States, arXiv: 1006.0146. 

J. Teschner, An Analog of a Modular Functor from Quantized Teichmuller Theory, in 
Eandbook of Teichmuller Theory, Vol. 7(2007) 685-760, [math/0510174v4]. 

J. Teschner and G. S. Vartanov, 6j symbols for the modular double, quantum hyperbolic 
geometry, and super symmetric gauge theories, arXiv : 1202 . 4698. 

T. Dimofte, Quantum Riemann Surfaces in Chern-Simons Theory, arXiv: 1102.4847. 

C. Beem, A. Gadde, S. Pasquetti, S. S. Razamat, and L. Rastelli Work in progress. 

D. Zeilberger, A holonomic systems approach to special functions identities, J. Comput. Appl. 
Math. 32 (1990), no. 3 321-368. 

D. Gaiotto, L. Rastelli, and S. S. Razamat, Bootstrapping the super conformal index with 
surface defects, arXiv: 1207.3577. 

D. Jafferis and X. Yin, A Duality Appetizer, arXiv: 1103.5700. 

G. Moore, Geometry of the string equations, Comm. Math. Phys. 133 (1990), no. 2 261-304. 

S. Cecotti and C. Vafa, On Classification of N—2 Super symmetric Theories, Comm. Math. 
Phys 158 (1993) 569-644, [hep-th/9211097v2]. 

N. Dorcy and D. Tong, Mirror Symmetry and Toric Geometry in Three- Dimensional Gauge 
Theories, JEEP 5 (2000) 018, [hep-th/9911094v3]. 

Hahn, Die mechanische Deutung einer geometrischen Dijferenzengleichung, Z. Angew. Math. 
Mech. 33 (1953) 270-272. 

H. Exton, q-Eypergeometric Functions and Applications, Ellis Eorwood (1983). 

V. P. Spiridonov and G. S. Vartanov, Elliptic hypergeometry of supersymmetric dualities II. 
Orthogonal groups, knots, and vortices, arXiv: 1107.5788. 

[93] C. Krattenthaler, V. P. Spiridonov, and G. S. Vartanov, Super conformal indices of 



- 121 - 



three-dimensional theories related by mirror symmetry, JHEP 1106 (2011) 008, 
[arXiv: 1103.4075]. 

[94] A. Givental and Y.-P. Lee, Quantum K-Theory on Flag Manifolds, Finite-Difference Toda 
Lattices and Quantum Groups, Invent. Math. 151 (Jan, 2003) 193-219, [math/0108105vl]. 

[95] A. Hanany and K. Hori, Branes and N=2 Theories in Two Dimensions, Nucl. Phys. B513 
(1998) 119-174, [hep-th/9707192v2]. 

[96] M. Aganagic, A. Klemm, M. Marino, and C. Vafa, The Topological Vertex, Commun. Math. 
Phys. 254 (2005), no. 2 425-478, [hep-th/0305132v3]. 

[97] V. G. Turaev and O. Y. Viro, State sum invariants of $3$-manifolds and quantum 
$6]$-symbols, Topology 31 (1992), no. 4 865-902. 

[98] R. M. Kashaev, A Link Invariant from Quantum Dilogarithm, Modern Phys. Lett. A10 
(1995), no. 19 1409-1418, [q-alg/9504020vl]. 

[99] K. Hikami, Generalized Volume Conjecture and the A-Polynomials - the Neumann- Zagier 
Potential Function as a Classical Limit of Quantum Invariant, J. Geom. Phys. 57 (2007), 
no. 9 1895-1940, [math/0604094vl]. 

[100] J. E. Andersen and R. Kashaev, A TQFT from quantum Teichmuller theory, 
arXiv: 1109.6295. 

[101] H. Verlinde, Conformal field theory, two-dimensional quantum gravity and quantization of 
Teichmuller space, Nuclear Phys. B 337 (1990), no. 3 652-680. 

[102] T. Dimofte and S. Gukov, Quantum Field Theory and the Volume Conjecture, Interactions 
between hyperbolic geometry, quantum topology and number theory, Contemp. Math. 541 
(2011) 41-67. 

[103] S. Elitzur, G. Moore, A. Schwimmer, and N. Seiberg, Remarks on the Canonical Quantization 
of the Chern-Simons-Witten Theory, Nucl. Phys. B326 (1989), no. 1 108-134. 

[104] E. Witten, Dynamics of Quantum Field Theory, . 

[105] C. Beasley, Localization for Wilson Loops in Chern-Simons Theory, arXiv: 0911 . 2687. 

[106] V. F. R. Jones, A polynomial invariant for knots via von Neumann algebras, Bull. Amer. 
Math. Soc. (N.S.) 12 (1985), no. 1 103-111. 

[107] V. G. Turaev, The Yang-Baxter equation and invariants of links, Invent. Math. 92 (1988), 
no. 3 527-553. 

[108] E. Witten, Quantum Field Theory and the Jones Polynomial, Comm. Math. Phys. 121 (1989), 
no. 3 351-399. 

[109] D. Cooper, M. Culler, H. Gillet, D. Long, and P. Shalen, Plane Curves Associated to 
Character Varieties of 3 -Manifolds, Invent. Math. 118 (1994), no. 1 47-84. 

[110] D. Gaiotto and E. Witten, Knot Invariants from Four- Dimensional Gauge Theory, 
arXiv: 1106.4789. 

[Ill] S. Gukov and E. Witten, Branes and Quantization, Adv. Theor. Math. Phys. 13 (2009), no. 5 
1445-1518, [arXiv: 0809. 0305]. 

[112] S. Cecotti, C. Cordova, and C. Vafa, Braids, Walls, and Mirrors, arXiv: 1110 . 2115. 



- 122 - 



[113] D. Green, Z. Komargodski, N. Seiberg, Y. Tachikawa, and B. Wecht, Exactly Marginal 
Deformations and Global Symmetries, JEEP 1006 (2010) 106, [arXiv: 1005.3546]. 

[114] T. Dimofte and D. Gaiotto, An El Surprise, arXiv: 1209. 1404. 

[115] A. Hanany and E. Witten, Type IIB Superstrings, BPS Monopoles, And Three- Dimensional 
Gauge Dynamics, Nucl. Phys. B492 (1997) 152-190, [hep-th/9611230v3]. 

[116] S. Garoufalidis and X. Sun, The N on- Commutative A-Polynomial of Twist Knots, 
arXiv: 0802. 4074. 

[117] W. D. Neumann and D. Zagier, Volumes of hyperbolic three-manifolds, Topology 24 (1985), 
no. 3 307-332. 

[118] T. Yoshida, The eta-invariant of hyperbolic 3-manifolds, Invent. Math. 81 (Jan, 1985) 473-514. 

[119] W. Neumann, Combinatorics of Triangulations and the Chern-Simons Invariant for 

Eyperbolic 3-Manifolds, in Topology '90, Ohio State Univ. Math. Res. Inst. Publ. 1 (1992). 

[120] T. D. Dimofte and S. Garoufalidis, The quantum content of the gluing equations, arXiv 
math.GT (2012) [arXiv: 1202.6268]. 

[121] L. Rozansky, A Contribution of the Trivial Connection to Jones Polynomial and Witten's 
Invariant of 3d Manifolds I, Comm. Math. Phys. 175 (1996) 275-296, [hep-th/9401061vl]. 

[122] H. Murakami, Asymptotic behaviors of the colored Jones polynomials of a torus knot, Internat. 
J. Math. 15 (Jan, 2004) 547-555, [math/0405126vl]. 

[123] W. Thurston, The Geometry and Topology of Three-Manifolds, Lecture notes at Princeton 
University (1980). 

[124] H. R. Morton, The coloured Jones function and Alexander polynomial for torus knots, Math. 
Proc. Cam. Phil. Soc. 117 (1995), no. 1 129-135. 

[125] K. Habiro, On the colored Jones polynomials of some simple links, Surikaisekikenkyusho 
Kokyuroku 1172 (Jan, 2000) 34-43. 

[126] G. Masbaum, Skein-theoretical derivation of some formulas of Eabiro, Algebr. Geom. Topol 3 
(2003) 537-556, [math/0306345vl]. 

[127] J. Wess and J. Bagger, Supersymmetry and supergravity, Princeton Univ. Press, 2nd Ed. 
(1992) x+259. 

[128] M. Culler, N. Dunfield, and J. R. Weeks, SnapPy, a computer program for studying the 
geometry and topology of 3-manifolds, . http://snappy.computop.org. 



- 123 - 



